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ABSTRACT

In the realm of differential geometry, Finsler geometry extends Riemannian concepts by
allowing the metric to be more general than the quadratic form. Finsler geometry is just
Riemannian geometry without quadratic restriction, commented by the famous geometer,
S. S. Chern. In fact, as early as 1854, B. Riemann had introduced the concept of Finsler ge-
ometry in his ground-breaking Habilitationsvortrag. No essential development was made
until 1918 when P. Finsler studied the geometry of curves and surfaces in the general case.
A particularly important class of Finsler metrics is the generalized (o, 8)-metrics, which
depend on a Riemannian metric & and a 1-form f. These metrics offer flexibility in mod-

eling geometrical structures and physical phenomena.

The present thesis, entitled DIFFERENTIAL GEOMETRY OF FINSLER SPACE WITH SPE-

CIAL METRICS, has been divided into ten chapters.

Chapter 1 establishes the theoretical and historical framework of this thesis by tracing the
structural development of Finsler geometry as a natural generalization of Riemannian ge-
ometry. We begin with a concise overview of the transition from isotropic to anisotropic
spaces, emphasizing the pivotal role of the Finsler metric function F(x,y). The chapter
introduces the fundamental definitions and key concepts of Finsler geometry, along with
a discussion of the various types of Finsler metrics employed throughout this work. Fur-
thermore, a comprehensive literature survey is presented, followed by a discussion of the
known applications of Finsler geometry and an outline of its future scope and promising

directions for further research.

Chapter 2 is devoted to the characterization of projective changes between specific classes

of (o, B)-metrics. We establish necessary and sufficient conditions for a projective trans-

3
formation between a special cubic (@, 8)-metric, defined by F = M, and a Kropina
o
metric F = %2. The same analytical framework is then applied to investigate the projec-

tive transformation between the square root (o, 8)-metric F = y/a(o + ) and a Kropina

Xii



R~ i L . .
metric ' = %. Beyond characterizing these projective mappings, we derive the fundamen-
tal conditions required for F to be projectively related to F. A substantial portion of this
analysis is dedicated to the study of curvature symmetries, wherein we explicitly determine

the conditions under which F admits isotropic S-curvature and isotropic Berwald curvature.

Chapter 3 introduces a new class of Finsler metric, namely the exponential (o, )-metric
F = aeg + ﬁe‘g, and investigates its geometric structure in detail. We establish the nec-
essary and sufficient conditions under which this metric determines a Berwald space, and
further derive the conditions required for it to be classified as a Douglas space. Further-
more, several special cases are examined to determine the precise conditions under which

the metric reduces to a weakly Berwald space.

Chapter 4 investigates the curvature properties of two significant Finslerian structures,
namely the cubic (¢, B)-metric and the generalized Matsumoto metric. The chapter is de-
voted to the study of locally projectively flat structures under the assumption of constant
Ricci curvature. In particular, we derive the conditions under which these metrics admit

vanishing flag curvature (K = 0).

Chapter 5 investigates the locally dually flat and projectively flat properties of the cubic
(a, B)-metric and the exponential (¢, B)-metric in the presence of isotropic S-curvature.
We establish the necessary and sufficient conditions for these metrics to exhibit dual flat-
ness. Furthermore, rigorous proofs are presented for the conditions under which these
metrics reduce to locally Minkowskian spaces. These findings contribute significantly to

the classification of special (@, B)-metrics and their associated curvature invariants.

Chapter 6 presents the development of a broader class of Finsler metrics extending be-
yond the traditional (¢, B)-framework. These metrics are constructed from a Riemannian

metric & together with two differential 1-forms, 8 = b;(x)y' and y = d;(x)y’. We derive the

Xiii



spray coefficients and the Cartan connection to elucidate the intrinsic geometry of these
non-standard structures. By establishing the necessary and sufficient conditions for projec-
tive correspondence, we demonstrate that this broader class yields numerous novel Douglas
metrics. This work extends the scope of Finsler geometry to multi-form manifolds, thereby

providing new tools for the study of geodesic-preserving transformations.

Chapter 7 investigates the S-curvature and mean Berwald curvature for a class of homoge-
neous exponential (o, 3)-metric. Since the curvature of homogeneous spaces is determined
by the algebraic structure of the underlying Lie algebra, we derive an explicit formula quan-
tifying the rate of change of the distortion along geodesics. Furthermore, these results are

employed to provide a complete characterization of the mean Berwald curvature.

Chapter 8 investigates the emerging framework of R-complex Finsler spaces, a general-
ization of complex Finsler geometry in which the scalar field is restricted to A € R. We rig-
orously derive the fundamental metric tensors, their determinants, and their inverses for a
specialized cubic (e, B)-metric within this framework. Furthermore, we establish the nec-
essary and sufficient conditions under which these metrics exhibit non-Hermitian charac-
teristics, identifying the precise point at which standard complex symmetries break down.
By presenting specific Riemannian examples of Hermitian cubic (¢, )-metric structures,
this chapter provides a complete analytical profile of the interplay between complex struc-

tures and cubic (a, B)-metric deformations.

Chapter 9 introduces a new class of Finsler metrics arising from a Kropina-Randers type
modification. The construction is based on a Riemannian metric p = \/W together
with two differential 1-forms, B = b;(x)y’ and 1 = 1;(x)y’. The resulting structure yields
a broader family of metrics that generalizes the traditional (p, 8)-metric framework. We
investigate the geometric properties of this class and establish the necessary and sufficient
conditions under which these metrics are locally projectively flat. Furthermore, explicit

criteria are derived characterizing when these metrics belong to the Douglas type. These

X1V



results contribute to a deeper understanding of projective geometry in the context of Finsler

spaces.

Chapter 10 presents a comprehensive summary and conclusion, synthesizing the key find-
ings obtained throughout this thesis. The chapter encapsulates the progress achieved in the
differential geometry of Finsler spaces equipped with special metrics, highlighting the sig-
nificance of the newly introduced metric classes and their geometric properties. A detailed
discussion is provided on the implications of the projective transformations, curvature con-
ditions, and metric classifications established in this work. Finally, promising directions
for future research are identified, along with potential extensions and applications that may
further advance the theory and broaden the scope of Finsler geometry in both theoretical

and applied domains.
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CHAPTER 1

Introduction

1.1 A Concise Overview of Geometry

In ancient times, the field of mathematics was primarily categorized into two core disci-
plines: geometry and the study of numbers. Geometry is a discipline of mathematics that
studies the mathematical description, classification, and relationships between shapes. At
its essence, geometry defines the relationships between two points. Conversely, differential
geometry utilizes Differential Calculus and Integral Calculus as methods to explore geo-

metric problems.

Geometry is the study of relationships between points, lines, surfaces, solids, and higher
dimensions. It is arguably one of the most ancient areas of mathematics. The discipline
emerged from the practical necessity of land measurement and further evolved through its

applications in architecture and the arts.

Geometry (Greek yewueTpia; geo = earth, metria = measure) arose as the field of knowl-

edge that deals with spatial relationships. It is defined as:
“The science that treats of the shape and size of things”.
Plato, the great philosopher, was so interested in the subject that he had the following words

carved on the front entrance of his Platonic school, the Academy.

“Let no man ignorant of geometry enter”.



1.2 Structural Development in Finsler Geometry

The constant progression of geometry has long been a fascinating subject. The term geom-
etry comes from the Greek terms for earth measure. The Babylonians and Egyptians used
to measure the length and width of rectangular fields for taxation purposes, according to
historical documents. The field originated circa 4000BC. Egypt’s pyramids, built around
3000BC, showcase early engineering skills that likely utilized geometric principles. Greek
mathematicians not only devised empirical formulas for areas and volumes, but also used
line segments, polygons, circles, and other conics to represent numbers. In the early 177"
century, Kepler and Galileo made substantial advances to geometry and astronomy. Cava-
lieri, Galileo’s student, believed that moving points could generate lines and moving lines
could generate planes. Gauss, in the early 19" century, considered geometries that did not
follow Euclid’s fifth postulate, also known as the parallel postulate. Riemann extended
Gauss’s curvature theory, which served as the foundation for relativity theory. During the
19" century, distance functions and metrics were developed further by Cayley and Klein.
Later, these theories were expanded to 3 and n-dimensions.

The exploration of spaces equipped with generalized metrics began with P. Finsler in 1918.
It is typically viewed as an extension of Riemannian geometry. In 1854, B. Riemann sug-
gested studying more general metric spaces beyond Riemannian geometry in his lecture.
However, he himself doubted that the geometric meanings of quantities in such generalized
spaces were clear enough to contribute meaningfully to geometry. As a result, there was
a 60-year neglect in studying this geometry. Finsler began studying geometry by analyz-
ing problems in the calculus of variations. J. Synge, V. Wagner, L. Berwald, E. Cartan,
H. Rund, M. Matsumoto, and other researchers established Finsler geometry as a distinct
branch of differential geometry. In contemporary applications, classical Finsler geometry
describes the geometry of vector fiber bundles on manifolds. Finsler geometry can be seen
as a form of Riemannian geometry that does not adhere to the quadratic constraint. It also
finds significant applications, particularly in the theory of relativity, control theory, and

mathematical biology.



The evolution of Finsler geometry can be categorized into four distinct phases.

1. 1¥—Period (1924—1933)
2. 2"_Period (1934—1950)
3. 3"_Period (1951-1963)

4. 4"h_period 1963—up to now

1""—Period (1924-1933)

In 1925, J. H. Taylor [146], J. L. Synge [140], and L. Berwald [21] began their work in
Finsler geometry. Berwald was the pioneer in introducing the idea of connection within
Finsler space theory. In 1928, Taylor gave the name Finsler space to a manifold equipped
with generalized metric.

In his 1854 habilitation lecture, B. Riemann introduced the concept of n-dimensional dif-

ferential manifolds and proposed studying manifolds using a Riemannian metric.
ds® = g,-j(x)dxidxj i,j=1,2,3,...n.
Before arriving at the above metric he had also considered the metric
ds’® = gijk(x)dxidxjdxk.
And
ds* =g ki (x)dxidxj dxFdx!.

Where ds represents the distance between two adjacent points x and x + dx in the manifold.

P. Finsler’s study was inspired by his instructor supervisor Caratheodory’s notion to ge-

ometrize variation calculus. The entirety of his thesis is composed of generalizations of
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traditional findings in the study of curves and surfaces within a standard space. In the

preface of his thesis, he stated:

“A treatment of geometry under the most general possible assumptions has a metric to let
us know to what extent every theorem depends on special assumption of the merit or the

number of dimensions."

Finsler had already introduced a metric tensor

1 92F?
8ij(X,Y) = EW
and the C-tensor
19gij
T 29y

which are the well-known basic tensors of Finsler geometry, first presented in his thesis.
Actually, Finsler has confined himself to only those tensors that are zero in Riemannian
geometry. Finsler served as a professor of mathematical logic at the University of Zurich.
He was more of a philosopher foundationalist than a mathematician.

2"d.Period (1934-1950)

The 2" phase commenced in 1934 when E. Cartan [26] published his monograph on
Finsler geometry. In 1935, E. Cartan came out with a definite establishment of Finsler
geometry. Despite this, several issues remained unresolved. In brief notes, Cartan revealed
his set of axioms to determine a connection in a Finsler space. It was fully published in his

well-known monograph in 1936.

Consider a curve C, x' = x'(¢) with a parameter ¢ of M". Then we have a system of differ-

ential equations

dp dx de; X dx/
T, Tk =
ar ot ar



where Fé‘j are functions a a priori given in every coordinate neighborhood of M.

Furthermore, if a manifold M with the affine connection I" = {I'};(x)} is equipped with
a Riemannian metric ds® = g;;(x)dx'dx/, and the moving frame field {e;(t)} satisfies the
compatibility condition g;; = e; - e; along any curve, then {Fﬁfj} is called a metric connec-
tion. The condition for {Fﬁ-‘j} to be compatible with the metric is given by:
dgii
a—xlkj = Tijk+Tjik, where Ty = giT.
By cyclically permuting the indices, the relationship between this connection and the

unique torsion-free Levi-Civita connection ¥; x becomes:
1
Yijk = 8irVix = Lijk — E(Tijk — Tjgi + Txij).-

Therefore, if we assume the connection is symmetric (torsion-free), the torsion tensor van-
ishes (7} j = 0), which implies that the connection reduces directly to the standard Rieman-

nian Christoffel symbols:
Lijk = Yijk-

Now, the central problem is how to generalize the moving frame field {e¢;} to a Finsler
space. To resolve this issue, Cartan introduced an entirely new framework: the line ele-
ment space 7/ of an n-dimensional Finsler space M. Instead of working purely on the base
manifold, he anchored the connection to a coordinate pair (x*,y’), consisting of a position
point x* and a directional vector y'. Cartan termed this pair the supporting element, redefin-
ing m as the geometric space composed of all such supporting elements.

3"_Period (1951-1963)

The third phase in the development of Finsler geometry occurred in 1951 when H. Rund
[111] introduced a new process of parallelism from the standpoint of Minkowskian geom-

etry. Several mathematicians such as W. Barthel [16], A. Diecke [43], D. Laugwitz [72],



and R. Sulanke [139] studied Finsler spaces using Rund’s approach.

D. Laugwitz published many papers in 1954; his early subject was the theory of connec-
tions, and he was especially interested in Minkowski geometry. His pupil E. Heil mainly
studied the theory of convex bodies, but also wrote various interesting papers on Finsler
geometry.

Moor published many papers since 1950. In 1957, he treated three-dimensional Finsler
spaces by referring to a natural frame field which was introduced by generalizing Berwald’s
idea to the three-dimensional case.

We must not forget the pioneering work of R. S. Ingarden [106] on Finsler geometry from
the standpoint of application. His monograph (1957), originally his thesis, gave a very
interesting geometrical theory of the problem of electron microscopy. In his paper we find

a truly surprising theorem:

“Any n-dimensional Finsler space can be isometrically embedded in a 2n-dimensional

Minkowski space.”

4'h_Period (1963-present)

The 4 phase in the evolution of Finsler geometry commenced in 1963 when H. Akbar
Zadeh [4] established the contemporary theory of Finsler spaces, rooted in the geometric
principles of connections in fiber bundles. The goal of this development was to discover
new models of Finsler spaces, and the contribution of Professor M. Matsumoto regarding
the advancement of Finsler geometry deserves recognition. He linked the Cartan connec-
tions, Berwald connections, and Rund connections using methods known as the C-process
and the P-process. His research publications on Finsler space theory with (a, )-metric,
published between 1992 and 1996, made significant contributions to the development of
Finsler spaces. Several Indian mathematicians made notable contributions during this pe-
riod, including Prof. U. P. Singh, Prof. B. Tiwari, Prof. Pradeep Kumar, Prof. H. D.
Pandey, Prof. R. B. Mishra, Prof. Gauri Shanker, Prof. M. D. Upadhyay, Prof. R. S. Sinha,
Prof. B. B. Sinha, Prof. Ram Hit, Dr. B. N. Prasad, Prof. T. N. Pandey, Prof. H. S. Shukla,

Prof. P. N. Pandey, Prof. V. K. Chaubey, Prof. S. K. Narasimhamurthy, and Prof. C. S.
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Bhagwati, among others.

1.3 Fundamental Concepts of Finsler Geometry

1. Manifold
The manifold is a topological space that seems locally to resemble a Euclidean space
point. More precisely, each point of an n-dimensional manifold has a neighborhood
that is homeomorphic to the Euclidean space of dimension 7. In these more precise
forms, the manifold is read as an n-manifold. 1-D manifolds comprise circles and
lines. Two-dimensional (2D) manifolds are described as surfaces. The models in-
clude the torus, sphere, and plane, all of which can be embedded (formed without
self-joints) in 3-D real-space, with the exception of the Klein bottle and real projec-

tive flat, which can self-cross once immersed in 3-D (three-dimensional) real-space.

Manifolds serve various purposes in the design of PCs and enhance realism, as they
are essential for connecting images (surfaces) to facilities (e.g., CT scans). In an
augmented reality context, an image (digression plane) can be seen as something
associated with a coordinate system, and by using tensors to track movement and

rotation, one can understand the image’s position and orientation in space.

2. Curve and Line Element
Let R be a region of n-dimensional differentiable manifold M" which is covered
completely by a coordinate system such that any point P of R is represented by a set
of n real independent variables X (i=1,2,3,...n) called the coordinates of the point.

A coordinate transformation is represented by a set of n-equations [97],
=2, (P =1,2,3...n), (1.3.1)

which shows that the coordinates x’ of the point P of M" are represented in the new

coordinate system of new variables x". We assume that the functions x’ of (1.3.1)



are at least of class C2 and [97]

ckt<d£>:#0. (1.3.2)
dxt

A collection of R points whose coordinates can be written as a function of a single

parameter ¢ is considered a curve of M", culminating in the equations,

x'=x(1), (1.3.3)

which describes a curve C of M". If the function (1.3.3) is of class C!, we consider

the entity, whose components are given by,

_ad
dt’

i

y (1.3.4)

as the tangent vector to C. We call the combination (x',y') a line element of C.

. Finsler Space
Let the function F(x',y") be defined for all the line elements in the region R and be of
class C° in all the 2n arguments. If we define the infinitesimal distance ds between

two points P(x') and Q(x’ +dx') of R by the relation [97]:

ds = F(x',dx") (1.3.5)

then the space X,, equipped with the essential function F' defining the metric (1.3.5)
is called a Finsler space, if F(x',dx') satisfies the following conditions:
Condition (A1):

The function F(x',y") is positively homogeneous of degree one in y' i.e.,



F(x',py') = pF(x',y'), p>0. (1.3.6)

The necessary and sufficient condition for the integral to be independent of the choice
of parameter is known as the arc-length. It has been shown that the choice of param-

eter 7 has no effect on [ F(x,y)dr.

Condition (B1):

The function F (xi, yi ) is positive if not all yi vanish simultaneously, that is,

F(x',y") >0 with Y (3')* > 0. (1.3.7)
i

Thus, the distance between two distinct points is positive.

Condition (C1):

The quadratic form,

. L aze (xi yl) .
A2 Jigigj Y5 \Ns) ) gigj
is assumed to be positive definite for all any variable . More precisely, F(x',y") is

a convex function in y'.

In this manner a metric is imposed on our X,,. The space X, is called a Finsler space

if F (xi, yi ) defining the metric (1.3.5) satisfies the condition (A1), (B1), and (C1).

. Tangent Space
We examine a transformation of local coordinates expressed by equation (1.3.1),

along the curve (1.3.3) with respect to an invariant parameter ¢; the components of



the tangent vector yi/ = % are derived by differentiating this relationship [97].

X=X (x'(r)), (1.3.9)

with respect to ¢, this gives,
y = gi);yi, (1.3.10)

or in terms of differentials,
dx’ = ?jdxi. (1.3.11)

Here dx' is interpreted as the components of a displacements in M”" from the point

P(x') to a neighbouring point Q(x' +dx').

x’

5 of the transformation (1.3.11)

If the point P(x') is fixed, i.e., the coefficients
are fixed, this relation represents a linear transformation of the dx' onto dx’. The
same is true for the variables y' and y” in the transformation (1.3.10). Therefore, the
n quantities of this kind may be taken to define the elements of an n-dimensional
linear vector space [97].

A system of n-quantities x' whose transformation law under (1.3.1) is equivalent to

that of the y' is called n contravariant vector attached to the point P(x) of M". Such

contravariant vectors constitute the elements of a vector space.

. Metric Tensor

From equation (1.3.11), we can easily see that the quantities g;; defined by g;; =
% ;;g; form the components of the covariant tensor of rank 2. Also, g;;(x,y) are
positively homogeneous of degree zero in y' and symmetric in their indices. Due to

homogeneity, from condition A we have [97]

Fz(x,y) = gij(x,y)yiyj. (1.3.12)
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By condition C, it follows that inverse of the metric g;; exists. Thus, if g'/ denotes

the inverse of g;;, then

gij(x,y)g™ (x,y) = &F, (13.13)

where Sik is well-known Kronecker delta. Therefore, the tensor whose covariant and
contravariant components are g;;(x,y) and g"/(x,y) is called the metric tensor or the

first fundamental tensor of the Finsler space F". The tensor C;jx(x,y) defined by
1~ | B ’
Cijk = Eakgij = ZaiaﬂkF ; (1.3.14)

is positively homogeneous of degree-1 in y’ and is symmetric in all their indices.

This tensor is called Cartan’s C-tensor an satisfy [97]

Cijk(x,y)y" = Cije(x,y)y’ = Cijk<xa)7)yk =0. (1.3.15)

(8hC,-jk) yi = (ahCijk) yj = (8hC,~jk) yk =0. (1.3.16)

. Curvature

In 1854, B. Riemann presented the concept of curvature for spaces equipped with
a collection of inner products (Riemannian metrics). No notable advancements oc-
curred in the broader context until 1918, when P. Finsler examined the variation
problem in spaces characterized by a family of norms (Finsler metrics). At the same
time, A. Einstein applied Riemannian geometry to formulate his theory of general
relativity. By that point, however, the study of Finsler spaces was still in its early
developmental phase. Up until 1926, L. Berwald extended Riemann’s concept of
curvature to Finsler spaces and introduced a novel non—Riemannian quantity through
his connection.

Riemann curvature:

11



The Riemannian curvature R of F is a family of linear transformations R, : .M —

T.M which is defined by R, = R;dxj ® %, where y € T,M, and

R =2(G") y — ¥ (G) gty +2G*(G") iy — (G') 1 (G"),.1. (1.3.17)

The trace of the Riemann curvature R; is called the Ricei curvature and is denoted

by Ric(x,y), where
Ric(x,y) = R’ (x,y)-
If the Finsler metric has scalar flag curvature K (x,y), then
Ric(x,y) = (n— 1)K (x,y)F?. (1.3.18)

Another important curvature in Finsler geometry is the flag curvature. The notion of
flag curvature in Finsler geometry was also introduced by L. Berwald. One of the
fundamental problems in Finsler geometry entails the study of Finsler metrics having
constant flag curvature. The flag curvature, which generalizes the sectional curvature
in Riemannian geometry does not depend on whether one is using Berwald, Chern,
or Cartan connection [117].

Flag Curvature:

The flag curvature of a Finsler space (M, F) is the function K = K(P,y) of a tangent

plane P = span{y,u} C T,M and a vector y € P\ {0}, which is defined by

gY(RY(u)> u)

&3 y)gy(u,u) — [gy(u,y)]2' (1.3.19)

K(Py) =

If K(P,y) is independent of P containing y € T,M,, then we see that K(P,y) = K(x,y)
is a scalar function on 7M. In this case, it is said that F' has scalar flag curvature.
In the case that K = constant, it is said that F' has constant flag curvature [136].

In addition to flag curvature, there are several other essential quantities in Finsler
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geometry. Here, we examine some of these important aspects.

. Geodesics
In a Finsler space, geodesics represent the paths of shortest or longest arc-length
connecting any two points within the space. The differential equations of a geodesic

in a Finsler space are given by [97]:

d*x . dx
27 192G | = 1.3.20

where s is the arc-length parameter of the curve x' = x'(s), and the spray coefficients

are defined as:

L dxd dxk
2Gl:)’,dxdx

where,

e

_ %gil (aglj n g 3gjk> .

axk  ox/  Ixl

. Projective Change

Let us consider the quantities G'(x, y) appearing in the geodesic differential equations

d’x' i dx
— +2G'(x,—) =0 1.3.22
ds? +26'(x, ds) ’ ( )
S d*’F \ ., OJF
where, G' = gszj’ 2Gj — (W) V- a—x] of a Finsler space.

e i rd 9 (F? o (F*\ _ (.roF
26 =28ijG"' =Y 37 5 (7) ~ o (7) = <YW>
oF r d_ oF JF
o TEY 9w 5y —F o

(1.3.23)
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Above leads to define an operator g; for a scalar field S(x,y) by [10]

— 4+ Sy 825 — ﬁ
dy! Y ox"dyl dxi

8S) o5 (1.3.24)

Zgi(S) = (yraxr

Taking into account *h;; +*1}1; =* g;j and *[}g"" = y—F the above expression may be

rewritten in the form

Pl
- :ZG’—l—( *;ogz_F*gqu@F))_ (1.3.25)

The differential equation of geodesics for any parameter ¢ other than arc-length can

be written as

d%x dx d%s ds\ dx'
2G* — — | —. 1.3.26
az " G ds) (dlz) (dt) dt ( )

Definition 1.3.1. A Finsler space F" = (M, F) coincides with a geodesic of *F" (M, F )
as a set of points and vice versa, then the transformation F —* F is called a projec-

tive change and the two space F" and *F" are said to be projectively invariant.

Let us consider differential equation of geodesics of two projectively related Finsler

Spaces as

d’x odx dx
126G (k. =) = — 1.3.2
where ¢(1) = (43) (%) and  L¥ 127G (x, %) = ()&
For two projectively related Finsler spaces, we have,
dx dx ) dx
2{G'(x,—) —*G'(x,—)} = {o(t) — ¢ (1)} ——. 1.3.28
(G )= G ) = {0() — 9 0} (1328)
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The above can also be rewritten as
*Gi(x,y) = Gi(x,y) +P(x,y)yi, (1.3.29)

where, P(x,y) = %{(p(t) —¢()}andy = %.
It is well established that a Finsler space F" = (M, F) is projective to a Finsler space

*F" = (M, F) if and only if *F satisfies one of the following three equations [10]:

where () is the h-covariant differentiation with respect to the Berwald connection of

F".

1.4 Finsler Metric

Among the various classes of Finsler metrics, the (o, 8)-metrics among the most
important classes for theoretical and applied purposes. In this section, we explore

some notable and significant Finsler metrics that we use in our research.

Definition 1.4.1. Let M be a smooth manifold of dimension n. A Finsler metric on

M is a function F : TM — [0, ) satisfying the following conditions:
(F1) F is smooth on TMy:=TM\ {0, :x € M},
(F2) F is positively 1-homogeneous in the fiber direction, i.e.,

F(x,Ay) =AF(x,y) VYA >O0and (x,y) € TM,

(F3) For each point x € M, the fundamental tensor

19%F>(x,y)
gij(x,y) = 2 yiay
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is positive definite on T M.

. Randers Metric

In 1854, B. Riemann investigated metrics in their general forms and introduced
the concept of curvature for a specific category of metrics known as Riemannian
metrics [34]. This infinitesimal quantity accurately captures the local structure
of Riemannian metrics and forms the foundation of Riemannian geometry. In
1918, P. Finsler examined the variational problem in manifolds characterized
by a generalized Riemann metric. Subsequently, these metrics became known
as Finsler metrics. Later, L. Berwald extended the concept of Riemann curva-
ture to Finsler metrics by presenting what is known as the Berwald connection.
Berwald also presented several non-Riemannian quantities through his connec-
tion. Since then, Finsler geometry has progressively advanced. Nevertheless,
Finsler geometry is significantly more complex than Riemannian geometry. To
understand the geometric interpretation of different quantities in Finsler geom-
etry, one can start by examining the simplest type of non-Riemannian Finsler
metrics, which are Randers metrics [34].

The Randers metric was first presented in 1941 by Norwegian -physicist, Ran-
ders [107] while he was engaged in research on general relativity. In the pa-
per titled On an Asymmetrical Metric in the Four-Space of General Relativity,
Randers introduced a simple asymmetrical extension of Riemannian metrics,
stating, One of the most fundamental characteristics of the physical universe is
the one-way nature of time-like intervals.

Randers metrics are essential and intrinsic Finsler metrics defined as a combi-
nation of a Riemannian metric and a differential 1-form. They originated from
studies on general relativity and have found extensive applications across vari-
ous fields of natural science, such as biology, physics, and psychology, among
others. Specifically, Randers metrics can be naturally characterized as the solu-
tion to the Zermelo navigation problem. As a result, one can perform detailed

calculations of different geometric quantities, allowing a deeper understanding
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of the geometric properties of these metrics. Furthermore, Randers metrics pos-
sess significant non-Riemannian curvature characteristics. Analyzing Randers
metrics will enhance our understanding of Finsler metrics.

The Randers metric represents the simplest case of a non-Riemannian Finsler
metric on a smooth manifold M, constructed from a Riemannian metric and a

differential 1-form defined by:

F=a+p.

where a(x,y) = /a;;(x)y’y/ is a Riemannian metric and f(x,y) = b;(x)y' is a

1-form such that ||B|] < 1.

. Kropina Metric

Kropina metrics were first introduced by L. Berwald in the context of a two-
dimensional Finsler space featuring rectilinear extremals, and they were studied
by V. K. Kropina [68]. This metric is physically significant as it characterizes
the dynamical system described by a Lagrangian function, even though it ex-
hibits a singularity [166]. Randers metrics are a type of regular Finsler met-
ric, whereas Kropina metrics are Finsler metrics characterized by a singularity.
Kropina metrics are among the simplest nontrivial Finsler metrics, offering var-
ious interesting applications in physics.

In 1961, Kropina examined the metric specifically identified in Berwald’s arti-
cle and determined the rectilinear extremals of their general structure. In 1973,
Hashiguchi et al. [57] investigated two-dimensional Landsberg metrics and re-
ferred to them as the Kropina metric. The Kropina metric is characterized as

follows:

Furthermore, the Kropina metric was extended into a more general metric known
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as the generalized m-Kropina metric. The Kropina and generalized m-Kropina
metrics have numerous applications in fields such as physics, dissipative me-
chanics, electron optics in magnetic fields, and irreversible thermodynamics.

A Finsler metric is referred to as a generalized m-Kropina metric when it is

expressed in the form

am—H

F = g

(m#0,-1),

where a(x,y) = /a;;(x)y'y/ is a Riemannian metric and f(x,y) = b;(x)y" is a

differential 1-form metric.

. Matsumoto-Metric

When contemplating an anisotropic medium in which the speed of light varies
with direction, it is apparent that the unit surface is no longer a sphere; likewise,
on Earth’s surface, distances are sometimes measured in terms of time, such as
the time indicated by a guidepost [103]. In this scenario, the measurement
of a unit curve in minutes is converted into a general closed curve without
a center. This phenomenon reflects the fact that traversing shorter distances
uphill take less time than traversing equivalent lengths downward. As a result,
the shortest route to a destination, such as a mountain peak, becomes a complex
curve. Matsumoto established a precise model of a Finsler surface in 1989 and

introduced a particular type of Finsler metric, as illustrated by [103]:

(1.4.1)

Furthermore, several professors have investigated a generalized Matsumoto

metric, defined as:

p+1
F— (aa_—ﬁ)p (14.2)

where p is an integer with p # 0,1, —1. This generalized form extends the
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classical Matsumoto metric by introducing a parameter p, thereby enabling the
consideration of a broader range of geometric structures and curvature behav-
iors. It allows one to explore how the interaction between the Riemannian

metric & and the 1-form B influences the properties of Finsler spaces.

. (a, B)-Metric

(a, B)-Finsler metrics represent a specific category of Finsler metrics con-
structed from a Riemannian metric o and a differential 1-form 8. These metrics
have attracted the attention of both Finsler geometers and physicists due to their
elegant mathematical framework and practical applications in physics. Due to
their greater flexibility compared to Riemannian metrics, they are well-suited
for describing anisotropic spaces where direction dependent behavior is signif-
icant.

An (o, B)-metric on a connected smooth n-manifold M is a Finsler metric and

can be represented as

F=a¢(s), s=

RI™=

It is well known that F = a¢(s) is a regular (a, )-metric if the function ¢ (s)

is a positive C* function for |s| < by satisfying the following condition:
O (s) —s¢'(s) + (B> —5%)9"(s) >0, |s| < b < by. (1.4.3)

. Cubic (a, B)-Metric

A generalized form of an (¢, 8)-metric on an n-dimensional manifold M de-

fined as

(04

p
F:a0+ﬁ), (1.4.4)

is known as the p-power (a, B)-metric [161], where p # 0 is a real constant.

If p =1, then equation (1.4.4) reduces to the Randers metric, which has sig-
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nificant curvature properties and was first introduced by Ingarden in 1957. If
p = 2, then it becomes the square metric, also known as Z. Shen’s square met-
ric. If p = —1, it reduces to the Matsumoto type metric, which can be used in
the measurement of the slope of a mountain. If p = % it reduces to the square
root (@, B)-metric, i.e., F = \/a(c+ ), and so on.

In the present work, we considered p = 3 in equation (1.4.4) and obtained a

special class of (¢, B)-metric of the form:

(o+B)?

F= o2

, (1.4.5)

named as the cubic (a,f)-metric on an n-dimensional manifold M. An n-
dimensional Finsler space F” equipped with the cubic (o, B)-metric is known

as a Finsler space with cubic (o, )-metric [150].

. Exponential (¢, 3)-Metric
In the present investigation, we explore the fundamental properties of Finsler
space and certain hypersurfaces using the exponential (a, 8 )-metric, expressed

as:

F= OCeg + Bew. (1.4.6)

. (p,B,n)-Metric

The present work investigates a Kropina—Randers change within the framework
of (p, B, n)-metric in Finsler geometry. This is motivated by the rich geometric
implications of Randers-type deformations and their capacity to generate new
Finsler structures from known ones. The Kropina—Randers change of a Finsler

metric F is defined as follows:

F=F+n,

2
where F = % is the classical Kropina metric, p = \/a;;(x)y'y/ is a Rieman-
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nian metric arising from the symmetric positive definite tensor a;;(x), and 8 =
bi(x)y', n = n;(x)y’ are two linearly independent differential 1-forms on an n-
dimensional smooth manifold M. Substituting F' into the above, the resulting

2
metric takes the explicit form F' = P + 1, which belongs to the general class

B
of (p,B,n)-metric.

1.5 Literature Survey

Here is a brief overview of the research areas examined in this study.

In Finsler geometry, M. Matsumoto [85] introduced the concept of the (o, )-metric
which is an extension of the Randers metric. This concept has been utilized in Biol-
ogy and Physics as an ecological metrics [11] and has been widely investigated by
numerous scholars, who have formulated multiple (o, )-metrics for instance, the
polynomial (e, f3)-metric, square metric, generalized Kropina metric, exponential
(a, B)-metric, and Matsumoto metric centered on distinct geometric viewpoints.

In 1961, Rapcsdk [105] studied the necessary and sufficient conditions for projec-
tive change, while in 1994, S. Bacs6 and M. Matsumoto [15] studied the projective
change between Finsler spaces with the (¢, f)-metric. In 2008, H. S. Park and Y.
Lee [100] investigated the projective change between a Finsler space with an (a, )-
metric and the corresponding Riemannian metric. Z. Shen and Civi Yildirim [125]
investigated projectively flat metrics with constant flag curvature, also in 2008. G.
Yang [161] introduced the notion of Einstein-reversibility for Finsler metrics. He
studied a class of p-power Finsler metrics defined by a Riemannian metric and a
I-form, which are Einstein-reversible. It has been shown that if a p-power Finsler
metric satisfies the Einstein-reversibility condition, then it must necessarily be an
Einstein metric.

Berwald spaces were introduced by L. Berwald [21] in 1926, who characterized
Finsler spaces whose connection coefficients depend only on position, i.e., with van-

ishing Berwald curvature. J. Douglas’s work [47], which introduced projective in-
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variants now known as Douglas curvature is where the idea of Douglas space first
emerged. The notion of Douglas space was introduced by S. Bacsé and M. Mat-
sumoto [17] as a generalization of Berwald space from the viewpoint of geodesic
equations. In 2008, Y. Lee [73] defined a Douglas space of the second kind as a
Finsler space with an (¢, B)-metric. He also discovered that a Finsler space with a
Matsumoto metric is a Douglas space of the second kind. Weakly Berwald space
was defined by S. Bacs6 and B. Szildgyi [12] in 2002 as a generalization of Berwald
spaces. They also investigated the necessary and sufficient conditions for the ex-
istence of a weakly Berwald space of Kropina type. In 2023, B. K. Tripathi and
S. Khan [151] examined a cubic (¢, B)-metric, a special class of p-power Finsler
metric, and derived the conditions under which a Finsler space with such a metric
becomes a weakly Berwald space.

In 1980, Hashiguchi et al. [58] established the criterion for determining whether a
Randers space is projectively flat. Z. Shen [132] discussed the classification problem
of projective Finsler metrics of constant flag curvature. In addition to expressing
a Taylor expansion or an algebraic formula, he constructed numerous examples that
serve as models in Finsler geometry. In 2015, A. Tayebi and M. Nia [142] considered
a class of Finsler metrics obtained by the Kropina change of the class of generalized
m—th root Finsler metrics. They showed that a projectively flat Finsler metric with
constant flag curvature is locally Minkowskian. They also found the necessary and
sufficient conditions under which this class of metrics are locally dually flat.

The notion of locally dually flat Finsler metrics is fundamentally based on informa-
tion geometry. In 2000, S.-I. Amari and H. Nagaoka investigated the principle of
dual flatness in the setting of Riemannian metrics during their study on information
geometry [9]. Later, Z. Shen extends the notion of dually flatness to Finsler metrics.
In 2023, B. Tiwari and G. Prajapati [154] described locally dually flat (o, B )-metrics
with generalized Matsumoto metric with isotropic S—curvature and scalar flag cur-
vature, showing that these metrics reduce to locally Minkowskian metrics. S. K.

Narasimhamurthy and D. M. Vasantha [95] investigated the locally dually flatness of
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the special (o, B)-metric L, defined as L?(o, B) = c1a® + 2c,08 + c3 82, where ¢
are constants.

T. Rajabi and N. Sadeghzadeh [106] introduced a new class of Finsler metrics which
are not always (¢, 3)-metrics. They calculated the spray coefficients and Cartan
connections for these metrics. They also identified the necessary and sufficient con-
ditions for them to be projective and derived numerous new Douglas metrics from the
existing ones. In 2025, N. Sadeghzadeh [115] introduced new classes of Finsler met-
rics, namely D-stretch metrics, isotropic D-stretch metrics, and relatively isotropic
D-metrics, by exploring the Douglas curvature in Finsler geometry. The research
investigated the interplay between relatively isotropic D-stretch metrics and other
key curvatures, including E-curvature and S-curvature, building upon prior studies
on the relationships between Douglas curvature and these curvatures. In 2020, N.
Sadeghzadeh and T. Rajabi [116] presented (o, 3, ¥)-metrics, discovered criteria for
local projectivity, and demonstrated the metric’s Douglas type.

Z. Shen [125] explored volume comparison in Riemann—Finsler geometry in 1997
and discussed about S—curvature, a non—Riemannian quantity. He derived an explicit
formula for S—curvature in homogeneous Finsler manifold with an (¢, B)-metric. In
2009, the expression for S—curvature in the homogeneous Randers metric was de-
rived by S. Deng [44]. M. K. Gupta et al. obtained the expression for S—curvature
in a homogeneous Finsler space with a generalized Matsumoto metric and demon-
strated that a homogeneous generalized Matsumoto space with isotropic S—curvature
must have vanishing S—curvature [27]. They also derived the expression for the mean
Berwald curvature using the formula of S—curvature.

Rizza [109] proposed the concept of complex Finsler space in 1963. It is an extension
of the classical setting that requires the fundamental function to be homogeneous for
all complex scalars. The concept of R-complex Finsler spaces is relatively new in
Finsler geometry. Munteanu and Purcaru extended the notion of complex Finsler
spaces to R-complex Finsler spaces by restricting the scalars to A € R [156]. The

outcome was a new class of Finsler spaces called R-complex Finsler spaces. In 2020,
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S. M. Vanithalakshmi, S. K. Narasimhamurthy, and M. K. Roopa [155] determined
the fundamental tensor fields g;; and g;5, along with their inverses and determinant.
They also investigated the properties of the non-Hermitian R-complex Finsler space
with the (o, B)-metric. G. Shanker and R. Sharma [138] defined the notion of R-
complex Finsler space with the infinite series (a, )-metric ﬁﬁfza. They derived the
fundamental tensor as well as its inverse and analyzed some fundamental properties

of these spaces.

1.6 Scope and Applications of Finsler Geometry

Finsler geometry was initially utilized in gravitational theories, and this led to in adjust-
ments in the observational outcomes the anticipated by general relativity. The primary
application of Finsler geometry is in the geometrical interpretation of electromagnetism
and gravity. Finsler geometry is a mathematical structure that extends Riemannian geom-
etry by incorporating a broader set of metrics known as Finsler metrics. It has several
applications in a variety of fields, including mathematics, physics, biology, computer sci-
ence, and engineering. One of the applications of Finsler geometry in mathematics is in
Differential geometry. It offers an expanded framework for investigating the geometric
characteristics of manifolds, enabling the examination of curvature, geodesics, and various
geometric structures that go beyond the scope of Riemannian geometry. Finsler geometry
has also been applied in areas such as geometric measure theory, complex analysis, and
differential equations. In the domain of statistics, Finsler geometry has been employed in
the context of information geometry, which examines the geometric framework of statisti-
cal models and probability distributions.

Finsler geometry employs collections of Minkowski norms rather than collections of inner
products to characterize geometric properties. This is completely analogous to the con-
nection between Banach spaces and Hilbert spaces. Over the last decade, the field has
experienced continuous modernization. In the past few years, numerous aspects of Finsler

geometry have seen rapid advancement. This encompasses Finsler spaces with constant
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curvature, along with the utilization of Finsler techniques in industrial and medical fields.
Theoretical subjects tentatively cover Cartan spaces, the classification of Berwald spaces,
Finsler spaces with constant flag curvature, Finsler-Einstein metrics, Finslerian volumes
and measures, geodesic flows, Kobayashi metrics, Lagrange spaces, metric geometry, pro-
jective invariants, and rigidity theorems.

Finsler geometry holds promise for various applications within computer science, espe-
cially in areas such as computer graphics, image processing, and pattern recognition. It
can offer geometric representations for analyzing shapes, tracking motion, and developing
algorithms in computer vision. Within the field of economics, Finsler geometry has been
utilized to represent and examine economic systems and decision-making processes. It
offers a mathematical framework for investigating the geometric properties of utility func-
tions, production frontiers, and resource distribution.

Finsler geometry is utilized in various engineering disciplines, including mechanical en-
gineering, civil engineering, and aerospace engineering. It is applicable for examining
the mechanics of solid substances, the performance of structures, and the enhancement of
engineering designs. Finsler geometry has found applications in engineering domains in-
cluding control theory, robotics, and optimization. It offers a mathematical framework for
examining the dynamics, regulation, and enhancement of intricate systems.

The applications of Finsler geometry in physics can be primarily categorized into two
areas. First, it serves as a useful geometric framework for describing point particle me-
chanics and point particle approximations of field theories, such as ray theory in various
media, while also providing a geometric perspective on fluid dynamics. Second, there are
efforts to utilize Finsler geometry as the framework for spacetime that explains gravity.
The applications of Finsler geometry as spacetime geometry give rise to a number of ques-
tions concerning the equations used to determine the geometry of spacetime, the existence
of geometric objects appearing therein, the description of observers, and the coupling of
matter fields. Finsler space times incorporate causality, precise definitions of observers
and measurements, field theories, and gravitational dynamics to determine outcomes. The

shape of spacetime is determined by its matter field compositions.

25



Finsler geometry is used in biomechanics to analyze biological forms, morphometrics, and
imaging. It allows for the analysis of shape deformations and quantification of biological
structures. It has also been used to analyze the shape and structure of macromolecules such
as proteins and DNA in molecular biology. In evolutionary biology, Finsler geometry has

been used to study evolutionary processes and phylogenetic trees.
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CHAPTER 2

On a Special Finsler («, 3)-Metric

We begin by examining the theory of projective transition amid two categories of (a, f3)-
metrics. The objective is to identify the conditions that define projective transformations

between Finsler spaces equipped with (, )-metrics, as specified below:

3 ~2
(04 ~ a
(i) Cubic (e, B)-metric F = % and Kropina metric F' = ?
~2
(ii) Square root (¢, 8)-metric F = y/a (o + B) and Kropina metric F' = F

2.1 Introduction

In 1961, Rapcsdk [105] studied the necessary and sufficient conditions for projective change,
while in 1994, S. Bacs6 and M. Matsumoto [15] studied the projective change between
Finsler spaces with the (o, 8)-metric. In 2008, H. S. Park and Y. Lee [100] investigated
the projective change between a Finsler space with an (¢, )-metric and the corresponding
Riemannian metric. Z. Shen and Civi Yildirim [125] investigated projectively flat metrics
with constant flag curvature also in 2008. In 2009, N. Cui and Y. B. Shen [42] studied
the projective change between two forms of (o, f)-metrics. N. Cui [41] investigated the
S-curvature of several (a,f)-metrics in 2006. In 2009, Z. Lin [76] investigated (ct, 3)-
metrics with constant flag curvature. The projective change between two Finsler spaces
has been studied by several authors ([15, 42, 81, 96, 125]).

In 1929, L. Berwald constructed an example of a projectively flat Finsler metric of constant

flag curvature K = 0, on the unit ball B", given by
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(V1= xP)yP+ < x,y >2+ < x,y >)?

,(x,y) € TR",where x =x',y = y'.
(1= P2 RPDEr <oy 52 Y

F(x,y) =

Here, |.| and <, > denote the standard Euclidean norm and inner product, respectively, on
R".

Furthermore, L. Berwald introduced the Kropina metric for a two-dimensional Finsler
space with a rectilinear extremal, which was later investigated by V. K. Kropina [66].
Kropina metrics are not regular Finsler metrics. Being the simplest non-trivial Finsler
metrics, Kropina metrics have several intriguing applications in physics, electron optics
with a magnetic field, dissipative mechanics, and irreversible thermodynamics [123]. They
also have promising applications in relativistic field theory, control theory, evolutionary

biology, and developmental biology.

2.1.1 Preliminaries

In this section, we cover some fundamental preliminary concepts for this chapter.
Two Finsler metrics F and F are projectively related if and only if their spray coefficients

satisfy the relation

G' =G +P(x,y)y, (2.1.1)

where G’ and G' are the spray coefficients of F and F respectively and P(x,y) is a scalar
function on TM \ {0}, homogeneous of degree one in y.
In 1972, M. Matsumoto [79] introduced (¢, 3)-metrics. By definition, an (o, f)-metric is

a Finsler metric of the following form:

RI™

F=a¢(s), s==][118].
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Where @ = \/a;j(x)y’y/ is a Riemannian metric and § = b;(x)y’ is a 1-form satisfying
||1Bx|| < bo, Vx € M. Tt is generally known that F = a.¢(s) is a regular (@, B)-metric if the

function ¢ (s) is a positive C* function for |s| < by satisfying

n

O(s) — s (s)+ (B> =529 (s) >0, |s|<b<bo. (2.1.2)

In this case, F induces a positive definite metric tensor.
The relation between the spray coefficients G' of F and the geodesic coefficients G, of o

is given by [122]
G' = Gy + aQsh+ {—20aso +roo} {¥b' + Oy}, (2.1.3)

where,

o 00 —s5(60"+¢'9)
20((9 —s9") + (B —s2)9")’
4

¢_s¢/7

"

1 ¢
LY =2 sy v e

The Douglas tensor is referred to as D := D;kl&- ®dx! @ dx* ® dx!, where,

i 83 i 1 8G’” i

A Finsler metric is called a Douglas metric when the Douglas tensor vanishes ([42, 147]).
The Douglas tensor is a projective invariant [96]. Since the spray coefficients of a Rieman-
nian metric are quadratic forms, the Douglas tensor vanishes for the Riemannian metric,
indicating that it is a non-Riemannian quantity. It is a fundamental fact that every Berwald
metric is a Douglas metric.

To represent the appropriate quantities of the metric £, we use quantities with a tilde. We

now compute the Douglas tensor of an (o, )-metric.
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Let
G = G, + aQsh+ ¥ {—2Q0s0+ roo} b'. (2.1.5)
Hence, equation (2.1.3) can be written as
G =G +0{-200as)+rop} ™'y

Clearly, if the sprays G' and G are projective equivalent, they will have the same Douglas

tensor. Consider
T' = aQsh+W{—2Qasy +roo } b'. (2.1.6)
Differentiating equation (2.1.6) with respect to y"', we get
T = Q'so+¥ o~ (b —5?)[roo — 20aso] +2¥[rg — O (b* —5%)so — Ossol.  (2.1.7)

Equation (2.1.5) can be rewritten as Gi= G’;X + T By equation (2.1.4), we get [118]

oy Pk , 1 oG% . . 1 9T™" .
) 5 - —( ix . __yl i _yl)
K 9yigykayl n+1 dy" n+1 dym 2.1.8)
0 pi_ L 9T, -
~ dyidykay! n+1dyn” )’
The Douglas tensor of an (¢, )-metric is given by the following equation
DYy = i pio L 9T (2.1.9)
jkl — dyidykayl n+1 dy” : T

Therefore, if F and F* possess the same Douglas tensor, that is, to say D', = D', then by

equations (2.1.4) and (2.1.9), we get

Y

3

T T —Tm)y | =0. 2.1.10
dy/ dykdy! n+1( Y )y} ( )
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Then there exists a class of scalar functions HJ’:k =H ;k (x), such that

. - 1 - . .

where Héo =H Ji.k (x)y/yk, T' and T are given by relations (2.1.6) and (2.1.7), respectively.

2.1.2 Projective Transition of the Two Metrics

In this instance, we consider the projectively interrelated two («, 8)-metrics, namely the

3 ~2
o ~ (04
cubic (o, B)-metric F = @ and the Kropina metric F = —-.
(04

For the cubic (¢, B)-metric , one can prove by (2.1.2) that F is a regular Finsler metric if

and only if || B¢|| < 1 for any x € M. The geodesic coefficients are given by equation (2.1.3)

with.
(
3
Q:= 1—2s’
@:= 3128 2.1.12)
" 2(1—s5—8s2+6b2)’ o
3
¥.= .
\ 1 —5—8s2+6b2

~2
~ o /
The Kropina-metric F = F is not a regular (a, B)-metric, but the relation ¢ (s) —s¢ (s) +

(b* — 59" (s) > 0 remains valid for |s| > 0.

The geodesic coefficients are provided by equation (2.1.3)

3 Q ' -1
T2s
~ —s
0:= —, (2.1.13)
b2
51
( 2b2
T . 1
To simplify this research work, we assume that A :=
(n+1)

2
(04
Lemma 2.1.1. [80] Let F = F be a Kropina metric on M". Then
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2
o
1. (n>3) Kropina metric F = — with b* # 0 is a Douglas metric if and only if

B

1
Sik = ﬁ(bisk — bysi). (2.1.14)

2. (n=2) Kropina metric F is a Douglas metric.

Furthermore, the Douglas tensor is projective invariant; hence, we have

(o+B)? o

Proposition 2.1.2. Let F = 5—— be a cubic (a,)-metric and F = —- be a Kropina
o

metric on a manifold M with dimension n > 3, where o and @, are two Riemannian metrics,
B and B are two non-zero 1-forms. The Finsler metrics F and F have the same Douglas

tensor if and only if both are Douglas metrics.

Proof. The sufficiency is obvious; we simply need to prove the necessity. Suppose that F

and F have the same Douglas tensor on an n-dimensional manifold M when n > 3. Then

Dy, = D', which implies that (2.1.11) holds.

Substituting equations (2.1.12) and (2.1.13) into equation (2.1.11), we obtain

allé +al% + a®& + abéy + o’ & + abés

a'l'n; + o, + odn3 + a’ns + abns + adne + atng + adng + a’ng + anio + N
05557 + 06458 + 06359 + 052510 +aéi+En

_|_
a'ony + oMy + o3+ ' + ans + o’ + oty + g + Ao + anio + N

(2.1.15)

+—— [@%E + &] = H]
where,
(
&1 =A1Bs,

& =A1B7+AyBg — Ay'AsBy,
& = A1Bs +AxB7 +A3Bg — Ay'AsBy — Ay'A¢B1,

&4 = A1By+AyBg +A3B7 + AyBg — Ay'AsB3 — Ay'A¢By — Ay'A7B

& =A1Bio+AxBy + A3Bs + A4B7 — Ay'AsBy — Ay'A¢B3 — Ay'A7B, — Ay'AsB;
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&6 = A1B11 +A2B10+A3By +A4Bg — Ay'AsBs — Ay'AgBs — Ay'A7B3 — Ay'AgBy — y'AgBy,
&7 = A1B12+A2B11 +A3B1o+A4By — Ay'A¢Bs — Ay'A7B4 — Ay'AgB3 — Ay'AgB; — Ay'A10B,
Es = AyB12+A3B11 +A4B1g — Ay'A7Bs — Ay'AgBy — Ay'AgB3 — Ay'A10By — Ay'A11 By,
&9 = A3B1y +A4B1) — Ay'AgBs — Ay’ AgBy — Ay'A10B3 — Ay'A11 By,

€10 = A4B1y — Ay'AgBs — Ay'A10Bs — Ay'A11Bs,

11 = —Ay'A19Bs — Ay'A 1 By,

€12 = —Ay'A11Bs,

N1 = B1Bg,

M2 = B1B7 + B2 B,

N3 = B1Bg + ByB7 + B3Bg,

N4 = B1By + By Bg + B3B7 + B4Bg,

N5 = B1B1o+ B2By + B3Bg + B4B7 + Bs B,

Ne = B1B11+ B2B10 + B3Bg + B4Bg + BsBy,

N7 = B1B12 + B2B11 + B3B1o + B4Bg + BsBs,

Ng = B2B12 + B3B11 + B4B1o + BsBo,

No = B3B12+ B4B11 + BsBjo,

Nio = BaBi2+ BsBi1,

N1 = BsBia,

E1 = b%5 — 5ol

&, = 24y BFoo — Brool,

Ay = 3si, + 18b%si, — 185D,

Az = —9Bsk — 36b*Bsi + 3roob’ +36Bs0b’,

Az = —18si B2 — 12Brood’,

Ay = 48[3sk + 123%roob’,

As = s0(6+ 18b%) + 1o (6 + 36b%),

Ag = 50(—308 —396Bb%) + 3b%roo + ro(—308 — 144b% ),

A7 = (182 +720b%B2)s0 +36b*Brop + 144> By,
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Ag = 4205083 + roo(—3B% — 1806*B2) 4 ro(1688°3),

Ag = —768s0B* + roo(—36B> + 19262 B3) + ro(—19284),
Ao = 180rooB*,

Ay =—192pB5,

B = 14607,

By = —50 —24b°p,

B; = 24b%32,
By =287,
Bs = _32[347

B = 1+ 12b% +36b%,

B7 = —68 — 60 — 144b*B,
Bg = —3B2 4 144b*B2,

B = 6833 +336b%33,

Bio = —60B* —384b*B*,

By = —1928°,

Bir =256,

1
Here A := T Furthermore, (2.1.15) is equal to

n—+
(@& + a9 + a8 + ab&y + a’&s + o’
+o°8y + atég + o &y + a?Eio+ aéii + i)
x (262B) + (%1 + a®ma + a3 + @7y + a®ns
+0 N6+ a1y + o ng + P ng + ano + N1 ) x
(6281 + &) = Hiy(20*B) x (a'n1 + a2 + a3

+o'ny + obns + o’ ne + a*ng + adng + atne +ano+ni1).

\

By replacing y' with —y’ in (2.1.16), we get

34

(2.1.16)



(—aMé +al% —a®&+ oBE — a’és + alés

—0‘557 + 0‘458 - 0‘359 + 062510 — o0& +&12)

x(=20%B) — (a'°ny — a®n + adn3 — a’ng + a

(=2b°B) — (a"m m m3 M4 ns o117)
— g+ atng — a’ng + a’ng — anio+ M) x

(02&) + &) = Hiy(—20%B) x (a'n — a®na + a®ns

—o'ns+abns — a®ne + a*ng — aPng + o’ng — anio +Ni1).

Adding (2.1.16) with (2.1.17), we obtain .

(allél + 05953 + 06755 + 06567 + 06359 + 06511) X (2[323)
+(0M + o'y + Ong + g + anig) x (62E; + &) (2.1.18)

= Hjy(26%B) x (a°m + o' + a6 + & ng -+ ano).

Subtracting (2.1.17) from (2.1.16), we get.

(061052 + 068<S4 + 06656 + 06458 + (X2§10 + élz) X (21;23)-1-
(@''n; + o33+ ans + o*ng + o2no + My ) x (82E + &) (2.1.19)
= H}y(26°B) x (a'°n1 + a®ns + a®ns + a*ng + ano+ 1)

From (2.1.18) we have,

(08 + aB& + a0+ a*ér + a?Ey + &) x (20°B)
(o814 a1 + a1 + a2ng + M1o) % (02E + &) (2.1.20)

= H}y(26%B) x (a¥mp + a1y + a*ne + &> ng + Mio).

According to equation (2.1.20), the term (a®n; + a®ny + a*ng + a®ng + M) x (&2E; +
6_2) can be divided by B The expression 6626_10681]2 is divisible by B Since § = ,u[; and B
is prime with respect to o and &; thus, & := b*§}) — b'sp is divisible by 8. Consequently,

there exists a scalar function y*(x) such that
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b5 — bisy = Py’ (2.1.21)

Contracting (2.1.21) by y; := d; jyj , we obtain l//i (yi) = —So. As y; is an arbitrary vector,

we get Wi(x) = —§'. Then We have,

1512 [bisj—b;5i] (2.1.22)

S;j =

given that > # 0. Lemma (2.1.1) states that the Douglas metric is F = —-. F and F are

= ],

both Douglas metrics because they have the same Douglas tensor.

Whenn=2, F = &Tz is a Douglas metric according to Lemma (2.1.1). Since F and F have
the same Douglas tensor, they are all Douglas metrics. This concludes the demonstration
of proposition (2.1.2).

Now we are able to claim the following theorem.

Theorem 2.1.3. Let F = (()626——2[3)3 and F = %2 be two (o, B)-metrics on a manifold M
with dimension n > 2, where @ and & are two Riemannian metrics, B = biyi and B are two
non-zero colinear 1-forms. Then F is projectively related to F if and only if the following
relations hold:

ta®((1+6b%)a® —8B%)b
o?—off —8B2+6b20% ’

. o~ 1 -, e ;
(i) Gix = Gla+2_i)2 [(Xzsi—l—roobl] +9yl —

(ii) byj; = = {(1+6b%)a;;—8bib,},

(iii) Sij = = [biS; —b;5i),

= wia

where T = t(x) is a scalar function, b denotes the coefficients of the covariant derivative

of B with respect to o, and b* := ~iij, b:= HB‘

& and 0 = 6y' is a 1-form on M.

The cubi e = OB Dougl ic if and only if by ; =
e cubic (a, B)-metric = isa ouglas metric if and only if by ; =

T

~{(14+6b%)a;; —8b;ib;} holds for a scalar T = t(x). It is known that the Kropina metric
3 J J

N4 1 - -

F = ? is a Douglas metric if and only if s;; = 7 [b,-fj — bjfi] .
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Proof. First, we establish the necessity. The Douglas tensor is defined to be invariant under

projective change between two Finsler metrics. If F is projectively related to F', then they

have the same Douglas tensor. By Proposition (2.1.2), we obtain that F and F are both
)

~ a
Douglas metrics. It has been proved in [80] that the Kropina metric ' = — is a Douglas

metric if and only if

U B P
S,‘j = ﬁ [biSj —bjsi] . (2.1.23)
: . (a+B)° . .
In the present chapter, we prove that cubic (a, )-metric F = o is a Douglas metric
if and only if
T
b,.‘j:g{(1+6b2)aij—8b,-bj}. (2.1.24)

For some scalar function T = 7(x), where b;; denotes the coefficients of the covariant

i
derivative of B with respect to o. Furthermore, it follows that 8 is a closed 1-form. Sub-

stituting (2.1.24) and (2.1.12) into (2.1.3), we have

. . 2((1 2\ 2 QR2\Ai 1 202 — 882V (o — 4B )y
G,:G&+ra (1+6b°)a” —8B°)b"  t((1+6b°)a”—8B~)(x ﬁ)y‘ (2.125)
o2 —af —8B2+6bh*a? 2(a? — o —8B2 +6h%02)
On the other hand, Putting (2.1.23) and (2.1.13) into (2.1.3), we have
- -, 1 . . . 27 R+l
G =G — — —&25’+(2§0y’—F00b’)+M . (2.1.26)
2b? a2

Since F is projectively related to F', by [118], there exists a scalar function P = P(x,y) on

TM\ {0} such that

G =Gi+Py. (2.1.27)

37



Combining (2.1.25), (2.1.26), and (2.1.27), we obtain

t((1+6b2)a2—8B%) (a—4B) 1 (_  #oB )|
P— 2 Y entod) e\t g Y
2(a? —ap —8p>+6ba2) b2 a 2.1.28
ta?((146b%)a® —8B2)b 1 (128
_ G _ Gl — 825 4+ bl
o™ a? —ap —8B%+6b*a? “ o op2 (655" + o]

The right-hand side of the above equation is a quadratic form in y. Consequently, there

exists a unique 1-form 8 = 6;(x)y’ on M such that

P (2.1.29)

sl 8P —ap) 1 (B _,
2(02 — aff —8B2 +6b2a?) B2 50 az |

Then, we have

L TtaA((1+ 6 a2 —-8B82 1 . -
Gy =Gy — a2(—(aﬁ — 8)ﬁ2+6bﬁ206)2 + ﬁ [OCZA:{ +I’0()bl] + 6y". (2.1.30)

This, together with (2.1.23), (2.1.24), and (2.1.30), completes the proof of the necessity.
Conversely, plugging (2.1.24) into (2.1.3) with (2.1.12) yields (2.1.25). Plugging (2.1.23)
into (2.1.3) with (2.1.13) yileds (2.1.26). From (2.1.25) and (2.1.30) we have,

7((14-6b0*) o> —8B2)(a — 4PB)
2(02 — aff —8B2 +6b*a?)

. 1 . . ‘
G =G5+ — [&2§l+700b’} +y' [6+

e } . (2.131)

Putting the value of G"a from equation (2.1.26) to equation (2.1.31), we get

G =G+ { (2%2 [2§0+ Z'EQBD + <9+ w((l +6b2)a2_8B2>(a_4B>) }(2.1.32)

2(a?—aP —8B2+6b2a?)

i

xy'.
From equation (2.1.27), we get
T(1+6b%) o —8B%) (a—4B) 1 | _  27w0p
- 2(a? — aff —8B2+6b2a?) o | T TR ( )

that is, F is projectively related to £, thereby completing the proof of Theorem (2.1.3). [
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[l
(a+B)° a?

Corollary 2.14. Let F = g and F = — be (o, B)-metrics defined on an n-dimensional
manifold M with n > 2, where o and @ are Riemannian metrics, and 3, B are non-zero
I-forms. Then F is projectively related to F if and only if both metrics are of Douglas type
and the spray coefficients of o and @ satisfy the following relation

ta?((1+6b*)a® — 8B2)b'
a?—of —8B2+6bh2a2 ’

. - 1 - .
Gy = G+ — @5+ r5ob'] + 6y —

i (2.1.34)

where b’ := @b, T = 1(x) is a scalar function and 6 = 6;y' is a 1-form on M.

2.1.3 Projective Change with Curvature Properties

For a Finsler metric F, the Berwald curvature tensor is defined as:

B := By dx/ @ ;@ dx* @ dx',

23G!

0yJ dykdy! = [C]

i A
where Bjkl = yiykyl

A Finsler metric F is said to possess isotropic Berwald curvature if

jid = €(Fyiyk0p + Fyiyt O+ Flayt 8+ Fyryiyy'),

where ¢ = ¢(x) is a scalar function on M.
1 92

The mean Berwald curvature tensor is defined by E := E; jdxi ®dx’/, where E; = 2 9viav
yoy

oG"™\ 1.
(5 = 2%

: o . : . n+1
A Finsler metric is said to be isotropic mean Berwald curvature if E;; =

Tc(x)Fyiy js
where ¢ = c(x) is a scalar function on M [124]. Clearly, the Finsler metric of isotropic
Berwald curvature must be of isotropic mean Berwald curvature.

A Finsler metric F is said to have isotropic S-curvature if S = (n+ 1)c(x)F for some scalar
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function c(x) on M.

Furthermore, N.W. Cui proves the following:

2 3
Lemma 2.1.5. [41] For metric F = o+ €3 + kE + rz, where €, k,r # 0 are constants

on an n-dimensional manifold M, the following are equivalent:

(i) F is of isotropic S-curvature, that is, S = (n+1)c(x)F;

n+1

(ii) F is of isotropic mean Berwald curvature, E = c(x)F*Ih;

(iii) F has vanished S-curvature, that is, S = 0,
(iv) F is a weakly Berwald metric, that is, E = 0;

(v) B is a Killing 1-form of constant length with respect to &, that is, rog = so = 0, where

¢ = c¢(x) is a scalar function.

3
o
The Lemma (2.1.5) is valid for F = ﬂ whenwepute =3, k=3,and r = 1.

o2
. (x+pB)° :
In the present section, we suppose that F = o has some curvature properties. The
~2 3
- (04 o
Kropina metric F = — is projectively related to F'. For F = % of isotropic S-

curvature, we have the following:

3 ~2
(04 ~ o
Theorem 2.1.6. Let F = % and F = — be two (., B)-metrics on an n-dimensional
manifold M, where n > 2, a and & are Riemannian metrics, and B = b,-yi and B are non-
zero I-forms. Assume that F admits isotropic S-curvature. Then F is projectively related

to F if and only if the following conditions are satisfied:

. . 1 . - .
(i) Go =G+ 575 (625 + Foob'] + 0y

(ii) B is parallel with respect to @, that is, b,-|j =0
oy . I s . . —
(iii) §;j = 7 [bis i—b js,-], where b,-| j denotes the coefficients of the covariant derivatives

of B with respect to & and b := @b}, b := ||B||s and 8 = 6y is a I-form on M.
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Proof. The sufficiency is an immediate consequence of Theorem (2.1.3), which asserts that

if F is projectively related to F, then

by = 5 [(1+60%)ai; —8bib,]

Wl a

for a scalar function 7 = 7(x). Upon contracting the preceding equation with y' and y/, one
obtains

roo = 5 [(1+6b%)a* —8B%]. (2.1.35)

T
3
According to Lemma (2.1.5), if F possesses isotropic S-curvature, then rog = sg = 0.

Plugging rop = so = 0 in equation (2.1.35), we get
(1+6b%)a*>—8B% =0,
provided 7 # 0. That is
(1+6b)a;; —8bib; = 0.

Upon contracting the preceding equation with @'/, one obtains n + (6n — 8)b* = 0, which
yields a contradiction. Hence, we must have 7 = 0, which cannot hold for any n > 2. An
application of Theorem (2.1.3) therefore completes the proof.

We know that the Finsler metric for isotropic Berwald curvature necessarily possesses to
isotropic mean Berwald curvature. As a result of Lemma (2.1.5), and assuming that F has

isotropic Berwald curvature, the theorem is consequently obtained. ]

(0+B)’° o

Theorem 2.1.7. Let F = >—— and F = — be (o, B)-metrics defined on an n-dimensional
o

manifold M, where n > 2, & and & are Riemannian metrics, and p = b,-yi, B are non-zero 1-
forms. Under the assumption that F admits isotropic Berwald curvature, F is projectively

related to F if and only if the following conditions are fulfilled:
1. G, =G +L (625" + Foob'] + 0y';
: o [0 252 00 Y
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2. B is parallel with respect to «, that is, by =0;
I S

Here, b;; denotes the coefficients of the covariant derivative of B with respect to & and

ilj

b’ :=ab;, b:=||B||g and 6 = 6,y is a 1-form on M.

(o+B)? o s
062

Theorem 2.1.8. Let F = be projectively related to F = — and F has isotropic
Berwald curvature. Then F has isotropic Berwald curvature if and only if F has isotropic

S-curvature.

Proof. Suppose F has isotropic Berwald curvature, then F has isotropic mean Berwald

curvature. Thus, by Lemma (2.1.5), F is of isotropic S-curvature. This establishes the

sufficient condition. Since F and F' are projectively related, (2.1.1) holds. Assume that

Finsler metric F possesses isotropic S-curvature S = (n+ 1)c(x)F. According to Lemma
n+1

(2.1.5), F has isotropic mean Berwald curvature, which means that E;; = 5 cF

Given that F has isotropic Berwald curvature, then

]kl <~yjyk61 + yjy[6k+ijky16] +ij ylyl) y

where ¢ = ¢(x) is a scalar function on M. By virtue of the definition of the mean Berwald

tensor, it follows from (2.1.1) that cF v = CF yi +Pyi from which, in view of [118], one

yis

obtains

CFyiyiy = EFyiyjyic+ Py
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Consequently, we obtain

4 ) aSGi

1

B, ===
K 9y dyk gyl

:B;.kl—f—(P,_,' k5i+P_f ! ]i—f— yyl5j+P/y yzyi)

=¢( y,yk6 +F 15 +Fy yl5j+FJy ylyl)

k6 + Py ,ﬁ—i— ki O +Pjyylyi)

(yfy Yyt €j

€0 + Fjy 8 4 Fu 87+ F iy’

\ (yfy Yoyt @)

This implies that F' has isotropic Berwald curvature. We complete the proof. By the above

methods, we could obtain the theorem. ]

(o+B)° o s
062

Theorem 2.1.9. Let F = be projectively related to F = — and F has isotropic

Berwald curvature. Then F has isotropic Berwald curvature if and only if F has isotropic

S-curvature.

2.2 Projective Transformation Between Square root (@, 3 )-

Metric and Kropina Metric

The present section is concerned with an investigation of two projectively related (., f3)-

metrics, specifically the square root (@, B)-metric F = \/o(a + ) and the Kropina metric
. al
F - —=.

B

The geodesic coefficients satisfy (2.1.3), where the scalar functions Q, ®, and ¥ are defined

as follows [71]:

(
1
Q:= s+2’
145
0= 2.2.1)
2(1+s)(s+2)+s2— b2’
—1

¥.= .

\ 652+ 125+ 8 —2b?

~2
~ (04 /
The Kropina-metric F = F is not a regular (a, B)-metric, but the relation ¢ (s) —s¢ (s)+

(b — 529" (s) > 0 remains valid for |s| > 0.

43



The geodesic coefficients are expressed as follows:

( Q~ o _1
T2s]

~ —S
g L

\ 2b2

Throughout the remainder of this section, we adopt the notation A :=

1
I to simplify

subsequent expressions.

=2
oqe . ~ a
Proposition 2.2.1. Let F = \/a(a + B) be a square root (o, )-metric and F = F be a
Kropina metric on a manifold M with dimension n > 3, where o and & are two Riemannian
metrics, B and B are two non-zero I—forms. The Finsler metrics F and F have same

Douglas tensor if and only if both are Douglas metrics.

Proof. Although the sufficiency is immediate, it remains to establish the necessity. Sup-
pose that F and F share the same Douglas tensor on an n-dimensional manifold M. It then
follows that D', = D', which implies that (2.1.11) holds.

On substituting (2.2.1) and (2.2.2) into (2.1.11), the following result is obtained:

o'y +a'n+ s+ ot +al s+ alx
a0 + 0%m + a8z + a7 g + o675 + AT + oty + a3 g + A2 + oy + Ty
N o7+ ot xs + 0 o + o’ xio+ o + X2
al%m +o?m+ o8+ oy + a7 + ad Mg + Aty + g + Al + oy + 7y
1 .
+——= [0%j1 + J2| = H|
| 2528 (0% 21+ 22] 00

(2.2.3)

where,
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X =AK,

X2 = ALKy +ArK | — MY KA,

X3 = A1K; + AsK| +A2K, — MY KAy — Ay KA,

Xa = ALK, + ArKy + AsKy + AK | — AY K1 AS — MY KA — AV KGA|,

X5 = A1Kg +ArK, +AsK; +AgK, — AY KAy — Ay KoAL — Ay K3A, — Ay K4A|,
X6 = A1Kg +A2Ks + AsK, + AgKy — AY K1 AS — Ay KaA — MY K3AS — Ay K4A)
—7LyiK5A/1 ,

X7 = A1K; +ArK +AsKs +AgK, — Ay KoAs — Ay K3A, — Ay KsAs — Ay KsA,
—Ay'KeA|,

Xs = A2K; +AsKg +AgKs — Ay K3As — Ay K4Ay — Ly KsAy — Ay KsAs — Ly KA,
Xo = AsK; + AgKy — MY K4As — Ay KsAy — Ay KeAy — Ay KqAs,

X10 = AgKy — MY KsAS — Ay KeAy — Ly K7A;,

X1 = —AY'KeAs — Ly K7A,,

X2 = —Ay'KqAs,

= A/1K17

M = A\ Ky + ALK,

M3 = A\ Ky + AS K, + ASK

7y = A K, +AYK, + ASK, + ALK,

75 = A\ Kg +AK, + ALK, + ALK, +ASK)

76 = A Ky + Ay Ky + ALK, + ALK, +ASK),

7 = A Ky + As Ky + A3K: + ALK, + ASK;,

7 = AyK; +A3Ky + AL Ks +ASK,,

7o = As K, + Ay Ky + ASKs,

o = ALK, + ASK,,

! /
11 :A5K7,
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X1 = b5 —5ob',

X = 2y Boo — Brood,

Ay = —4b%s) + dsob’ + 16s),

Ay = 32 — 2b*Bsiy — droob’ + 2Bsob’,

Az = 24shB% — 4B roob’,

Ay = 6By, — B*roob',

A= —8p*432,

A, = 80p — 8b*B,

Ay = —2bB% + 8082,

Ay =367,

As = 6%,

K| = 64so — 8b*sg — 64ro + 16b%ry,

Ky = —160Bso — 8b*Bso +48b%rog — 160Brg + 166*Bry,
K3 = — 1128259+ 4b* 250 + 96b* Brog — 160B%ry + 4b> B>ro,
Ky = —10s0B> + 60b%B2roo — 723 ro — 4882100,
Ks = 12B%s0 4+ 1267 B3ro0 — 9683 rog — 128410,
Ko = —60Broo,

K7 = —12Brg,

K, =256 — 128h* + 16b*,

K, = 10248 — 3202 + 16b*B,

K, = 17922 — 320b*B% 4 4b* B2,

K, = 17683> — 144b* B>,

K5 = 10008+ — 24b*B*,

K, =298,

K, = p°.
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Here A := . In addition, the value of (2.2.3) is equivalent to

n—+
(i + o0+ o3+ abps+ o x5+ ol e
+0’ 7 + oty + o o + 0P 10+ 00 Y11 + X12)
x (202B) + (o' + a°mr + b3 + o 7y + 0O s 0o
+ o0+ oty + oy 4 o’ o + g + 7y ) X
(62701 + x2) = Hiyy(20?B) x (o'Om1 + o mp + 0B 3

+omy+ alrs + admg + oty + o’y 4+ o’y + g + 7y ).

Substituting y' with —y’ in equation (2.2.4) yields the following result:

(—a'' i+ — P+l — o ys+alys
—o®x7 4 atys — o xo + A’ x10 — x4 X12)
x(=262B) — (o' — oy + b3 — o 74 + ACrs
( )= (2.2.5)
—a s+ oty — g+ 0Py — a4+ ) X

(0271 + 72) = Hiy(—25°B) x (a7 — o’ my + s

—a’my+ ol — o’ mg + oty — g + 0Py — amyg + 7y ).

Upon adding (2.2.4) and (2.2.5), the result is expressed as follows:

(a1 + a3+’ s+ oSy + o xo + ayin) x (262B)
+(am + oy + g+ o g + amyg) x (620 + 1) (2.2.6)

= Hiy (202 B) x (T + &7 7ty + 0O+ 0Py + ).

Subtracting (2.2.5) from (2.2.4), we get

(a0 + 0B s+ a®x6 + atys + 0?10+ x12) x (26*B)+
(@' +adm 4+ alms + atmy + 0Py + 1y ) X (621 + X2) (2.2.7)

= HéO(ZEZB) x (a7 + a3 + alms + ot 7y + o 7o + 7).
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According to equation (2.2.6), we have the following calculation:

(&0x1 4 o8 xs 4 o x5+ o 7 4+ 0P x0 + x11) x (262 B)
+(admy + o1y + at ;g + o’y 4 1) x (@20 + 02) (2.2.8)

= Hiy (20 B) x (a¥m + a®my + o s + o 75 + ).

(¥ 4 0Oy + ot + o273 + 71) X (62571 + 772) divided by B, as per equation (2.2.8).
It is also possible to divide the formula &> a®m, by ﬁ With regard to v and &, B = ﬁ
and ﬁ are prime. | := b’ ~6 — b'sp, therefore can be divided by ﬁ Hence, there exists a

scalar function ¥’ (x) such that

b5 —bi'so =By, (2.2.9)

Contracting (2.2.9) by §; := dj;y/, we obtained y'(5;) = —§o. As ¥; is an arbitray vector,

we get W' (x) = —§'. Then we have,
U R
Si= 5 [bis; —b;si] (2.2.10)
- . @l -
given that > # 0. Lemma (2.1.1) states that the Douglas metric is F = F F and F are

both Douglas metrics because they have the same Douglas tensor.

Now we are able to claim the following theorem

2
~ (04
Theorem 2.2.2. Let F = \/o(a+ ) and F = ﬁT denote a square root (o, 3)-metric and
a Kropina metric, respectively, defined on an n-dimensional manifold M, where n > 3, o
and & are Riemannian metrics, and B, B are non-zero I-forms. Then F is projectively

related to F if and only if the following conditions are satisfied:
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2ta?((3B% — (b> —4)a?)b'
682+ 12ap + 8a2 —2b2a?’

U [ .
(i) G&:G&Jr@[azsﬁroob’}Jr@yl—
(ii) byj;=27{(b* —4)a;;—3bb; },

I I P
(lll) S,‘j = ﬁ [b,‘Sj —bjsi].

The square root (o, 3)-metric F = /oot + ) is a Douglas metric if and only if b;; =

2t {(b* —4)a;j—3bib;} holds for a scalar T = T(x). It is known that the Kropina metric

~ (04
F:T
B

1 -
is a Douglas metric if and only if s;; = 2 [b,-§j - bj§l~} .

Proof. We establish by demonstrating the necessity. Invariance under projective change

between two Finsler metrics is the definition of the Douglas tensor. Proposition (2.2.1)

2
~ ~ (04
leads us to the conclusion that both F' and F' are Douglas metrics. Kropina’s metric F = F
is a Douglas metric if and only if
U B
S =73 [bis;—b;si] . (2.2.11)

In the present investigation, we demonstrated that square root (¢, 3)-metric is Douglas

metric if and only if
byj =2t {(b* —4)a;; = 3bib } . 2.2.12)

For a scalar function T = 7(x), where b;|; represents the coefficients of the covariant deriva-

ilj
tives of B with respect to a. In this case, 3 is closed. After entering (2.2.12) and (2.2.1)

into (2.1.3), we obtain

i Gi 4 B (BB —4)ad)b | dt(atp)((B*=4)a’—3p)y
{ G =Go+ i 120p 1 8a7 2% T 657+ 1205 180 2572 (2.2.13)
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However, substituting (2.2.11) and (2.2.2) into (2.1.3), we obtain

. 1 . . ~. 2FaBV
=G~ 625+ (250" — o) + 200PY|

5 e (2.2.14)

As F is projectively connected to £ again, there is a scalar function P = P(x,y) on TM\ {0}

such that [118]
G =Gi+Py (2.2.15)
. We obtain the following from (2.2.13), (2.2.14) and (2.2.15);

i

o A B ot -3 1 [ fooﬁ>

687+ 120f 1802 — 202 R\ " &

. 2ta?((3B% - (PP - L 1] . -
=G —GL — — 662 & 4+ Fonbt] .
“+6B2+12aﬁ+8a2—2b2a2 * op2 85"+ Foob]

(2.2.16)

The right-hand side of the above equation is quadratic in y. Thus, 8 = 6;(x)y’ on M must

be of the form

(2.2.17)

a2

P_4T<0‘+l3)((b2—4)042—3/32> 1 (S +fooB> =6
682+ 1208 +8aZ—2b202 2 \° =0.

Then, we have

o 2T ((3BP (P —4)a)pt .
o«=0a— — (625 + Foob'] + 0y (2.2.18
{ Ca =Y 682+ 12af + 802 — 20202 | 272 (05" + Foob| + 0y ( )

We conclude the evidence of necessity with (2.2.11), (2.2.12), and (2.2.18).
On the other hand, using (2.2.1) to put (2.2.12) into (2.1.3) results in (2.1.30). (2.2.11)
yileds (2.2.2) are plugged into (2.1.3) and (2.2.14). These come from (2.2.13) and (2.2.18):

4t(a+B)((b* —4) o —3B?)
682+ 12af +8a2 —2b2a?

S L 1 . - .
{ G =G+ > (@25 + Foob' |+ |6 + (2.2.19)

Using equation (2.2.14) to obtain the value of G%, we obtain

50



P A 1 - 217()0ﬁ~
G =G +{(2—52 [2S0+7]>
(2.2.20)

4t(a+B)((0* —4)o® —38%)\ |
+(9+ 682+ 1203 +8a? —2b% o )}y

From equation (2.2.15), we get

g KPP 9223 1

N 682+ 120 +8a? —2b%a?  2p2

2P
250+~ ] (2.2.21)

i.e. F is projectively related to . Hence complete the proof of Theorem (2.2.2).

]

Corollary 2.2.3. Let F = \/o(a+ B) and F = %2 be two (a, B)-metrics on a manifold M
of dimension n > 2, where o and & are Riemannian metrics, and B = b;y' and [3 are non-
zero 1-forms. Then F is projectively related to F if and only if both are Douglas metrics
and the spray coefficients of o and O satisfy the following relation:

2102 ((3B2 — (B> —4)a?)b
682+ 12aB +8a2 —2b%a?’

. o 1 o .
Go = Co+ 5 [625; + roob’] + 0y — (2.2.22)

where b’ := @b, T = 7(x) is a scalar function and 6 = 6;y' is a 1-form on M.

2.2.1 Projective Change with Curvature Properties

~2
~ o
Theorem 2.2.4. Let F = \/a(a+ ) and F = F be two (o, B)-metrics on a manifold M
with dimension n > 2, where o and & are two Riemannian metrics, B = b;y* and ﬁ are two

non-zero I-forms. Suppose that F' has isotropic S-curvature. Then F is projectively related
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to F if and only if the following conditions hold:

. . 1 , iy .
(i) Go =Gy + 7 (625" + Foob'| + 0y';

(ii) B is parallel with respect to a., that is, bl-|j =0
el L= -
(lll) Sij = ﬁ [bisj—bjsi].

Here, bj|; denotes the coefficients of the covariant derivatives of B with respect to o, and

i
b’ :=ab;, b:=||B||g and 6 = 6y is a 1-form on M.

Proof. Itis evident from Theorem (2.2.2) that sufficiency exists. If F is projectively related

to F, then according to Theorem (2.2.2),

byy; =2t {(b* —4)a;; —3bib;} .
7 = t(x) is scalar function. By contracting above equation with y’ and y/ yields
roo =2t { (> —4)a* —3B%}. (2.2.23)

In accordance with Lemma (2.1.5), roo = 5o = 0. if F has isotropic S-curvature.

We obtain through putting rog = so = 0 in equation (2.2.23).
(b*—4)a*—3p2 =0,
provided 7 # 0. That is
(b* —4)a;j —3bib; =0.

Using a'/ to contract the equation above results in —4n + (n — 3)b> = 0, which is not
feasible. Consequently, since n > 2 makes 7 = 0 impossible, we end the proof by adding

Theorem (2.2.2).
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We are aware that the isotropic mean Berwald curvature and the Finsler metric for isotropic
Berwald curvature must be identical. Lemma (2.1.5) leads to the theorem, which is derived

assuming that F possesses isotropic Berwald curvature. ]

~2
- (04
Theorem 2.2.5. Let F = \/a(a+ ) and F = F be two (o, B)-metrics on a manifold M
with dimension n > 2, where o, and & are two Riemannian metrics, B = b;y' and 3 are two
non-zero 1-forms. Suppose that F has isotropic Berwald curvature. Then F is projectively

related to F if and only if the following conditions hold:

. . 1 . .y .
1. Gy =Gy + o5 (625 + Foob'] + 0y

2. B is parallel with respect to @, that is, by ; = 0;

1 .- -
3. 8= ﬁ [b,-f i—b j§i] where bl| j denote the coefficients of the covariant derivatives
of B with respect to o and b := @b}, b := ||B||s and 8 = 6y is a 1-form on M.

~2
. @ .
Theorem 2.2.6. Let F = \/a(o+ ) be projectively equivalent to F = E and F has

isotropic Berwald curvature. Then F has isotopic Berwald curvature if and only if F has

isotropic S-curvature.

Proof. If F has an isotropic Berwald curvature, then its mean Berwald curvature is also

isotropic. Therefore, F' has an isotropic S-curvature according to Lemma (2.1.5). This

establishes a prerequisite for demonstrating sufficient. (2.1.1) is true since F and F' are

projectively equal. Assume that S = (n+ 1)c(x)F is the isotropic S-curvature of F. We

know that F' is of isotropic mean Berwald curvature by Lemma (2.1.5), which means that
n+1

E,‘j 3 CF

Given that F' has isotropic Berwald curvature, then [118]
~;‘kl <~y,yk51 +F, y/yl 6k + F y’6] —i—F,y yzyi> .

Hence, by the definition of the mean Berwald tensor, it follows from (2.1.1) that cFiyj
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EFyiyj +Pyi which gives [118]

ok
CFy y/y CF‘y yjyk +Pyiyjyk'
Now we have
3
( Bi~ :i
jkl dyidykayl
—Blkﬂ'( yfyk5 + Py +Py"y’51+P’ykylyi)
= E(Fyp8) + By 8+ Fayp 854 Fyye')
+( ylyk(s +P ’Sli yy]5J+P’y ylyi)
= (P 8] + Fyyyi & + Fyayt 8+ Fypay').

This suggests that the Berwald curvature of F is isotropic. We finish the proof. The theorem
might be obtained using the methods mentioned above.

[]

~2
~ (04
Theorem 2.2.7. Let F = /(o + ) be projectively equivalent to F = F’ and suppose

F has isotropic Berwald curvature. Then F has isotropic Berwald curvature if and only if

F has isotropic S-curvature.
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CHAPTER 3

Finser Space with (o, 3 )-Metric

In this chapter, we analyze Berwald spaces, Douglas spaces, and weakly-Berwald spaces

within the context of a Finsler space characterized by an exponential (o, 3)-metric ex-
B B . . . .. .

pressed as F(o,) = aea + e~ «, and investigate the various conditions under which

this metric qualifies as a Berwald space, Douglas space, and weakly-Berwald space.

3.1 Introduction

In 1928, L. Berwald [19] introduced the notion of an affinely connected Finsler space, in
which the connection coefficients Gi.k of the Berwald connection BI" are functions of the
position coordinates x’ alone. He also defined the equation of geodesics as

d’x! : dx/ dx*

LG () —

ds? +Gilx) ds ds
Definition 3.1.1. A Finsler space is called a Berwald space if the connection coefficients

G;k of BT are functions of position x' alone in any coordinate system.

The notion of a Douglas space was introduced by S. Bacsé and M. Matsumoto [17] as
a generalization of a Berwald space from the point of view of geodesic equations. It is
remarkable that a Finsler space is a Douglas space if and only if the Douglas tensor van-
ishes identically. Afterwards, the conditions for Finsler spaces to be Berwald spaces and
Douglas spaces with different special kinds of (¢, B)-metrics have been studied by many
authors [70, 80, 149].

The concept of a weakly-Berwald space was introduced by Matsumoto [79] as a general-
ization of a Berwald space, i.e., a Finsler space with an (o, 8 )-metric is a weakly-Berwald

JaB"

space if B)) = Iy is a one-form [75], i.e., B™ is a homogeneous polynomial in (y') of
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degree one. He also investigated that a Finsler space with an (¢, B)-metric is a weakly-
Berwald space if B” is a homogeneous polynomial in (y') of degree two. Further, several
authors [17, 75, 151] have studied various important and interesting properties of weakly-

Berwald spaces.

3.1.1 Preliminaries

In this chapter, we consider an n-dimensional Finsler space F”" = {M" F(a, )}, thatis, a
pair consisting of an n-dimensional differentiable manifold M" equipped with a fundamen-

tal function F as a special Finsler space with the metric

F(a,B):ae§+ﬁe_g, (3.1.1)

Differentiating equation (3.1.1) partially with respect to o and 3 are given by

alet —Ozﬁeg%—ﬁze# aeg—f—ae%ﬁ —ﬁe#
Fa - D) 7Fﬁ —
B o =B =B o B =B =B
af?ea —20f%w + Blew aea —20qe@ + e
Foa = Fgp =
OC4 ’ BB OC2
Fo —Ocﬁeg +2aﬁe# —ﬁze% Fo —Ocﬁeg +2aﬁe# —ﬁze# (3.1.2)
—3062[326% — 06[33e§ +6a2ﬁ2e%ﬁ — 606[336% +B4e#
Foao = a6 )
sa B s B anp s B oy B
20°Pex + affrea —4o“Pe@ +5afee — e
| Faop = = .

According to [86], if B2Fy + ay*Fgq # 0, where > = b>a® — B2, then the function G/ (x, y)

can be expressed as follows:

2G' =y, +2B',
. OCFﬁ . ﬁFB o OFge (1 . o
B =—Fs 4+ i —y = =D 3.13
Fo 0" { afF > Fy \a’ B ’ (3-1.3)

56



2 . . . i
where Fy = g—g,Fﬁ = g—g,Faa = a‘?x—ga, the subscript 0 denotes the contraction with y’, and

we put

. 06[3 (I’()()Fa — 2S()OCF[3)

Cc' = .
2(B2Fy + ay?Foq)

(3.1.4)

We shall denote the homogeneous polynomials in (') of degree r by hp(r) for brevity. For
example, ¥, is hp(2).

From equation (3.1.4), the Berwald connection BI" = (G!

b G5, 0) of F" with an (a, B)-

metric is given by

G =d,G' = ¥+ B,

Gl = kG = Vi + By

where we put B, = d;B' and Bl = akBg. Here, B'(x,y) is called the difference vector [86].

In view of [86], Bi].k is determined by
FoBiy'y, + 0Fg (Bl — bj;i)y’ =0, (3.1.5)

where yy is equal to agy'.
A Finsler space F" with an (a, B)-metric is a Douglas space if and only if B/ = B'y/ — B/y'

is hp(3) [17]. From the latter of equation (3.1.4), B is written as follows:

2

.. oFg .. . F . .
BY = Fﬁ (sé)yf _s(j)yl) + %C*a)l}/l _b]yl)‘ (316)
o o

Lemma 3.1.2. [122] Suppose that &> =0 (mod ), meaning that a;;(x)y'y’ admits b;(x)y'
as a factor. Under this assumption, the dimension reduces to two and b* becomes zero.
Consequently, there exists a quantity 8 = d;(x)y' satisfying the conditions a* = B8 and

dib' = 2.

In this chapter, the symbol (;) stands for A—covariant derivation with respect to the Rie-

mannian connection in the associated Riemannian space (M", @) and yj.k(x) stands for the
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Christoffel symbols in the space (M", o). We use the following notations [75].
1 1 i ir i ir r
Fij = E(bi;j"‘bj;i)a Sij = E(bi;j_bj;i)> Fip=a Trj, §; =04 Srj, I'j = b1},

sj = by, b' = a"b,, b* = a"b,b;.

In what follows, we analyze the functions G'(x,y) of F”* with an (a, §)-metric. Based on

[75], these are presented in the following form:

2G" = Y +2B",

e () () () ((5) (). o

where,

ﬁFlg) (Xﬁ(ro()Fa—z.S‘()OCFB) 9 5 )
Er= (2L or = VP =bra? — B2, 3.1.8
( F 2(B2Fu+ 0y Fyuq) v P (5.1.8)

(e (7)o B () ()

oF oF

_Oﬂﬁ{:a {a‘m (%) ym+( )5,7; P (B)ﬁ } (ﬁFaleF:FFa)

@ “ﬁiza)(a CYb 43 (F—) o,

Since F = F(a, ) is a positively homogeneous function of @ and B of degree one, we

have

Foo+FgB =F, Faa0+Fusp =0,

Fgao+FggB =0, FuaaO+FuapP = —Faa-
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Using the above and the homogeneity of (y'), we obtain

- (BFg\ ,,  BFp

(QFaa (BY"— 00"\ )
8m( )( B )—(ﬁFa)z{FaFaa-i-ocFaFaaa—oc(Faa) }, (3.1.10)

S
VN
Q)=
N———
<
N
_|_
VN
Q|-
N———
2
|
S
VN
SN

—) bm:aiﬁz{yzﬂn—l)ﬁz}, (3.1.11)

(O CH)y™ = 2C*, (3.1.12)

. 1
OnCV" = ———[Q{B(Y> +2B>)W 4+ 2a*B*Fyro — By Faar
( ) 2aﬁ92[ {B(y B) B~ Faro BY Faaroo B.113)

. /aF 02FFy s
O —5) o= 27T 3.1.14
( Fy )70 (BF)? ( )

where,

W = (rooFa —2500Fp),Q = (B*Fo+ QY Faq), given that Q#0.  (3.1.15)

Yi=a;py", so0o=0,b"s,=0, a’s;;=0.

Substituting (3.1.9), (3.1.10), (3.1.11), (3.1.12), (3.1.13) and (3.1.14) into (3.1.8), we have

1
B" = 202AC* +2aFQ*B
" 2aF<ﬁFa>2szz{ i ot

Q> F FyFgq(Croo+ Dso + Erg) } ,

(3.1.16)
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.

A= (n+1)B*Fu(BFoFp — 0F Foq) + 0y F{0(Fua)® — 2FaFaa — 0FaFaaa},
B = Q*FFyuq,
C =By {—B?(Fy)? + 20% a3 FyFyo — 0V (Fuo ) + 0? YV FoFyaa ),
D =2a{B*(V* — B*)FuFp — B>V’ FoFaa
—20BYA(Y* +2B?)FgFaa — 0V (Foa)? — &*BY' FgFaua},
| E= 202 B2 Fo Q.

(3.1.17)

Thus, we have [75].

Theorem 3.1.3. A Finsler space F" equipped with an (o, B)-metric constitutes a weakly-
Berwald space if and only if G, = vy, + By, such that By remains a homogeneous poly-

nomial of degree one in y"'. Here, B, is expressed through (3.1.16) and (3.1.17), under the
condition that Q2 # 0.

Lemma 3.1.4. [58] If a® admits B as a factor, then the dimension reduces to two and

b* # 0. Throughout this paper, we assume that the dimension exceeds two and b> # 0, that

is, a> 20 (mod B).

3.1.2 The Condition to be a Berwald space

In this section, we have obtained the condition for a Finsler space F" with an exponential
. B B
(a,B)-metric F(a,B) = aee + Pe~ a to be a Berwald space.

From equations (3.1.2) and (3.1.5), we have

7 B

B B —B ; B —B B i
(a*ea —afea + B2ew )Btjiyjy,—l-ocz(ocea +oaew« —Bea )(Bb—bji)y’ =0. (3.1.18)

Suppose that F" is a Berwald space, i.e., B;k = B;k(x). Separating equation (3.1.18) into

rational and irrational parts in y', we get

B =B ; =B ;
(o%ew + BPee )BLyy — (a®Bew ) (Bjibr — bji)y! =0, (3.1.19)
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and

B ; B -B ;
(—Bea)Bly'y, + (a?ea +a’e )(BYibs — bj.i)y’ =0. (3.1.20)

Equations (3.1.19) and (3.1.20) can be expressed as a system of homogeneous linear equa-

tions in matrix form: AX =0,

_ Bt"yj)’t
a’ed + Be —a’Be g
5 - =0. (3.1.21)
—Bea ole + alea
(Btjibt —bj;i)y’
Where,
e + ﬁze# —azﬁe#
A= 5 - ) B (3.1.22)
—Pea a’ew + e
and
B -2
‘A' —ater +at+ a2l #0, (3.1.23)
Which implies
By =0, (3.1.24)
and
(Biby —bj)y’ =0 (3125
Contracting equation (3.1.25) with y;, we have
(Biby — bji)y'y =0, (3.1.26)
t j vy, —
= Bjibty])ﬁ‘ - bj;lyjyl‘ =0 (3.1.27)

= (Bly/yi)bi — bjiy’y: = 0.

Using equation (3.1.24) in (3.1.27), we have
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Conversely, if b;;; = 0 in equation (3.1.25), then we have

Thus, we have

Theorem 3.1.5. A Finsler space with an exponential (o, 3 )-metric F (o, B) = aet +PBe @

is a Berwald space if and only if b;;; = 0.

3.1.3 The Condition to be a Douglas Space

The present section is devoted to finding the condition for a Finsler space F” with an
exponential (@, )-metric (3.1.1) to be a Douglas space. In Finsler space F" with metric

(3.1.1), we have

where,

W= roo(aze% — aPet + B2 ) — 25002 (e + ae s — Be )

Q= af?(a? e — aﬁea + B%e )+a2b2(aﬁ2ea —20B%w +ﬁ3 )

—BA(apet —20p%w + 3w ) #0.

In view of [86], if Q = B2Fy + ay?Fgq # 0, then the function G'(x,y) can be written in

the following form:
G' =% +2B',

where,

. oFgsi F i i
Fy oF Fo ‘oo P
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The vector Bi(x, y) is referred as the difference vector. Therefore, B'/ is expressed as

. aFg, . . .. O2F WEEYE,
B = —=  (shy! = sby') + ﬁT‘“C* (b'y! —bTy). (3.1.28)
o o

Substituting equation (3.1.2) into the above equation, we get

(205B3e% —4atBiet +803B5 +205B3b2e 4a5ﬁ3b2+60¢4ﬁ4b2
—10a2B6 — 2a4[34bzea +2a2[36ea t6aplee & _4a3BShPed &
1202B00%e & —2pe & B + (~200p% % + 200t

—60B3 — 2056B3b2e7 + 2a6B3b2 +2a4ﬁ5e% —20°B +40°p*

20 +4a0PPe 6065[341926 ¢ —da'Bie (3.1.29)
+803% @ +20B%% @ —202BTe @ )(Shyl — Spy) B
Troo(—~09Bie % + atBre’ +207p° — 304 B
12035 @ —a2BSe e ) +s0(2a0B% %

20583 —4a6ﬁ3e%35 6aBre

2atBSe e )(b’yf biy) = 0.

If F" is a Douglas space, then BV are hp(8). Separating the rational and irrational terms in

equation (3.1.29), we obtain

(—dotBle +6a4ﬁ4b2 — 100286 — 204 BAb2e % + 20230 %
+202B0b%e 0 —2B8e )BY + (—200B3 % — 60* B3

~205B3e T +200B +za4ﬁ5e% - 2a6ﬁ3 - 2a435e%3f
+405B3bed —daiBee +20 BSbed — 202870 ) (3.130)
% (shy! — siy) + roo (Bl — 3ot B4 — a2l 77)

Fs0(2a0B3e® —2a5B3 —4atBled —20tBe )

x (b'y/ —biy') = 0.
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and

(204Be + 8025 + 204 B3b2e s —4atB3b?+6BTe
—402BSb2ed B + (204 Be +4atBt — 60t Bl (3.1.31)
180285 % ) (S — S) + o~ e + 200 B

1202B5e @)+ bsoat Bred ) (biyl — biyi) = 0.

Eliminating B” from equations (3.1.30) and (3.1.31), we have
A(shy’ — sly') + B(b'y — bly') =0, (3.1.32)

where,

# —4a4B3b2+6[37€%‘2‘ﬁ
—402B5hPed ) x (—2a Bl — 6025 — 204 BIb2e s
1204B32 +202B5ew —20*B3 —202BSe @ +4atBibPe e

_402Bed 4 202B%bted —2BTew ) — (—datBle

,
A= (atBle +802B5 + 20" B3

1604842 — 100286 — 204 Bb2e s +202B5¢ %

+20¢2[36bze_72ﬁ - 2[386_725;3) X (2a2ﬁ4e%

4a2Bt — 602B e d +8B% ), (3.1.33)
B= (2a4ﬁ3e% +8a%B5 + 2a4[33b2e% —4a*B3b* + 6B7e_T2zB
—402BReE ) X rop(a2Bhe — 3024 — BOe )

—1—50(2064[)’38% —204B3 - 4064[336# — 2()62[35@#)

_(—40tBie +604BDE — 100266 — 204 BAb2e % + 202 B0 %
1202820 —2B8e @ ) x {roo_ 2B +2a2B3

12BSe )+ 6500 Blea )}

Contracting equation (3.1.32) with b;y;, we obtain

Asoa* +B(b* o — B%) = 0. (3.1.34)
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The term in equation (3.1.34) which does not contain a? is 2B 15100. Therefore, we have

hp(15) implies vy5 such that
rooB > = a?vis. (3.1.35)

Here, we divide our discussion into following the three cases:

(D15 =0,

Q) vis#0,0>#0 (mod B),

(3)vis#0,a> =0 (mod B).

Case 1: In case of Vi5 = 0; from (3.1.35), roo = 0, and (3.1.34) is reduced to

so{A+ B (b*a® —B?)} =0, (3.1.36)

where,

B = (20*BPe% + 8025 + 204 B3b2e® — 4ot B2+ 6BTe
—4a2B5h2e ) x (2023 —202B3 —4o2Pled —2pSe )
—((—4a4/34e% +6a*B4? — 10026 — 20‘4[34,926%

+202B% % +202Bb%ed —2B%ed ) x (684 a ).

(3.1.37)

If A+ B (b*a® — B?) = 0 in equation (3.1.36), then the term of this equation which does
not contain o2 is 434, Therefore, there exists 1p(12)v;; such that 484 = a?v 5.

In this case, if &®> # 0 (mod f3), then we have vi> = 0, which leads a contradiction. There-
fore, A+ By (b*a® — B2) #0. If &> =0 (mod B), then A + By (b*a> — B?) = 0 is written

as follows:

(282% +8B8 +6B2% @ ) x (—28%% —6B5 +2BSe
282 28Be @ —48Be @ —2B%d ) — (—4BS%e% (3.1.38)

10825 +2B25e % —2B3e o ) x (28¢w +45+8Be o )]
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_[(282% +8B5 +6B2% @ ) x (26Be % — 2B —4BSe
B2 ) — (—48%% — 10B5 + 2B — 2B )
x (6B )] = 0.

This is provided that b*=0and o = B o by Lemma (3.1.2). The term of (3.1.38) which
does not contain f3 is —88*. Therefore, there exists ap(3)vs such that —88* = Bvs, which
leads to a contradiction. Hence A + By (b*a> — B2) #0.

Therefore, in either case, whether &? # 0 (mod ) or a?> =0 (mod ), we see that A +

B (b*a? — B?) # 0.Thus 5o = 0 from (3.1.36). Put so = 0 and rgg = 0 in (3.1.32), we have
A(shy’ — séyi) =0. (3.1.39)
If A =0, then we have from (3.1.33)

(A= (2a4ﬁ3e% +8a%B5 + 2a4B3b2e% —4a*B3* + 6[37e%2zﬁ
4025 E ) x (—204Be® — 60285 — 20 BIble

1204 B3 +202B% % —204B% —202B%¢ @

4t Biled —4a2Bied +202B5bed —2BTe ) (3.1.40)
C(—40rBlet + 604 B — 100266 — 200 Bh2e 4202 B0 %
120202 —2BBed ) x (202Bre +4a2B

—602B4b%e @ +8B%e ) =0.

The term in (3.1.39) that does not contain o/ is 4[314. Thus, there exists Ap(12)v}, such
that 48 14 — a2y,,. From this equation, we have vi, = 0, which leads to a contradiction.

Hence A # 0. Thus, we have from (3.1.39)
shy! —shy' = 0. (3.1.41)

Transvecting (3.1.41) by y; gives s6 = 0. Finally, r;; = 5;; = 01is concluded, that is, b;;; = 0.
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Case 2 : If vi5 # 0 and a? £ 0 (mod ), then (3.1.36) shows that there exists a function

h = h(x) satisfying
ro0 = ho?. (3.1.42)

Substituting (3.1.42) into (3.1.34), we have

Aso+[(2 a4[33e% + 8a2ﬁ5 F2a4B3ble % — 4ot B>

16B7ed —4a2BSbred ) x (halBe —3halB* —hBSe e
+2soa2[3367 —2sp0a’ B3 —4s0a2ﬁ3e# —2S0B5€%2¢ﬁ)

—((~4 a4/34e% +6oc4[34b2 100285 — 204 BAb2e % +202B0c %
+2(x2[56b2e & 2% ) x (—halBiet +2halB>
—|—2h[35e e +6soﬁ4e a )](b2oc2 B?) =0.

(3.1.43)

\

The terms of (3.1.43) that do not contain o are (4so+2Bh)B'*. Hence, there exists
hp(13)v13 such that (4s9+2Bh)B'* = o®vy3. Since @ #0 (mod ), we must have vi3 = 0.

Thus, we have
(4s0+2Bh)BH =0, (3.1.44)

which implies 4s; +2b;h = 0. Transvecting this equation by &', we obtain hb?> = 0.
If b*> = 0, we get from (3.1.34) and (3.1.44)

_h/z[(za‘*e% +8a2ﬁ2+6ﬁ4e’§‘*) X (—20%e® — 602 B2

+202B% % — 20t —202B% @ —4a2Blea

—2/34{7) — (—4a4/3e7 — 100283 +202B3c %

_2BSe ) x (202Ben +4a2B+8B3e )] (3.1.45)
~[(20*e® +8a2B> +6ﬁ4e%2/3)

(ho2B2es —3ho2B% — hB*e @ — halBles

+hoB? +2ha2ﬁ2e7 +h[34e7)
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~((—40*Ble® — 1002 +202B% %
_2B%ed ) x (—hale +2ha?
2hBle @ —3nPled )] = 0.

The term in (3.1.45) that does not include f3 is 4had. Thus, there exists hp(7)v7 such that
4had = Bvy. Since a®> 0 (mod B), we have v7= 0, which leads to a contradiction. Thus
we have h=0 and hence sy = 0,rp0 = 0 from (3.1.44) and (3.1.42) respectively. Therefore
(3.1.32) is reduced to A(shy/ — s}y') = 0.

Since A# 0, we have siy/ — s}y’ = 0. Transvection of this equation by y; gives s} = 0.
Finally r;; = s;; = 0 are concluded, that is, b;;;=0.

Case 3: If vi5 # 0 and > =0 (mod ), then Lemma (3.1.2) shows that n = 2, b> = 0 and
o’ = B8, where § = d;(x)y'. Therefore, (3.1.32) gives

A'(soy = sgp') + B (b —b/y) =0, (3.1.46)

where,

4

A = [(28%% + 8B +6B% @ ) x (—28%% — 6B +2BFew — 25
28 d —48Bed —2B2 @ ) — (—4BS2e — 10525 +2B25e
0Bl ) x (28e% +45+8Be )],

/ 28 —2B 2B —2B
B = r[(28%¢« +8B5+6B% = )x (Sew —38 —Pew ) (3.1.47)
—((—482%% — 1085 +2B8e — 2B ) x (—des +25+2Be )]
5026267 + 8BS +6B% & ) x (26%% — 257 —46% & —2BSe @)
—(68e7d ) x (—452Bew — 10825 +2B28e —2B3e ).

Transvection of (3.1.46) by b;y; leads to

508[(28%¢% + 8BS + 6% ) x (—28%% —6BS +2B5e

) ~28%—28Bed —43Ped —2p%ed ) — (—4BS2e s
_10B25 +2B25e% —2B3ed ) x (26e% +48

+8Be )]
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_Broo[(282% +8B6 + 6B )
(Se® —35 — Be ) — ((—48%% — 105 +2B e
) =28 2 —28 5 28
2B @ ) x (—Beh +28+2Bed )| +50[(28% % + 8BS
6Bl a ) x (282w —28% —48% @ —2BSe )
_(68e7d ) x (—482Bew — 10828 +2B28e% —2B3%ed )] =0.

The term of (3.1.48) that does not contain 8 is —88°s. Thus, there exists 2p(5) vs such
that —8s08° = Bvs, which implies sy = k3, where k = k(x).

On the other hand, (3.1.35) gives roo3'# = 8v;5, which must be reduced to,
roo = Ov. (3.1.49)

Where v; is an Ap(1). Substituting so = kf3 and (3.1.49) into (3.1.48), we have

K8[(26%% +8B6 +6B2% & ) x (—28% % — 685 +2Bdc
282 _28Be @ —48Bed —2f%e @) — (—4PSrew
—10B25+2B25e% —2B3e i ) x (28 +45+8Be )]
_51[(28%% + 8BS+ 6B2% @) x (Se¥ —35 —Pe )
_((~482%% — 1085 +2BSew —2B2% @ )x

(—8e% +26+2Be @ )] +kB[(26%% + 8BS +6B%e )

X (28%% —252 —48% @ —2BSea ) — (65 @)

X (—482Be — 1025 +2p25e % — 2% &) =o.

(3.1.50)

The term of (3.1.50) that does not contain 3 is —88°k. Therefore, there exists hp(4) v4
such that —88%k = PBvs4, which leads to a contradiction. Thus, we have k = 0,59 = 0 and

roo = 0. From (3.1.46), we get

Al(shy! —sjy) = 0. (3.1.51)
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If

A= [(252e% +8B6 +6ﬁ2e_72ﬁ) X (—262e% — 636 +2ﬁ5e% —282
_28Bed —45Be e —2B2 @) — (—4B52e% — 10825 +2B28e%  (3.1.52)
2Bl d ) x (28 +45 +8Bea )] =0.

The term of (3.1.52) that does not contain 3 is —88%. Therefore, there exists hp(3) v3 such
that —88*k = Bv3, which leads to a contradiction. Thus A =# 0 in (3.1.52). Hence, we
get shy/ — s}y = 0. Transvecting this equation by y; gives s) = 0. Thus, s;; = r;; = 0 is
concluded, that is, b;;; = 0.

Conversely, if b;;; = 0, then we obtain B/ = 0 from (3.1.6). Hence F" is a Douglas space.

Consequently, we have

Theorem 3.1.6. An n-dimensional Finsler space F" with an exponential (a,)-metric

F(a,B) = ae% +Be‘§ is a Douglas space if and only if

1. a? #0(modp) : bj,; =0.

2. 0?2 =0(modB) : n=2andb;; =0, where a* = 3§, § = d;(x)y’ and k = k(x).

Theorem 3.1.7. If an n-dimensional Finsler space F" with an exponential (a,3)-metric

B B
F(a,B)= aex + e~ a is a Douglas space, then F" is a Berwald space.

3.2 The Condition to be a Weakly-Berwald Space

In this section, we have obtained the condition for a Finsler space F” with an exponential
(o, B)-metric (3.1.1) is a weakly Berwald space.

The partial derivatives with respect to o and 8 of (3.1.1) are given by (3.1.2).

As the function F (o, ) = aet + ﬁe‘g is a positively homogeneous function of o and 8

of degree one, we have

2 B B 2 =B B =B =B
O“ea —Opea 4 pe« oea +0ea —pea B
Bew +plew, Bew g

Faa+Fgf = ( o2 o




) B(—afe +2aBew — o)

=0,
o3

Faaa+Faﬁﬁ - OC(

B B -B -B -B
—3a?B%ea —afiea +60*B%ew —6aBea +Brew
Faaaa+FaaBﬁ:( ﬁ ﬁ sz ﬁ ﬁ )OC+
B B —B —B —B
2062ﬁ€a + aﬁZea —4(X2ﬁ€7 —}—506[3267 _ﬁ367 )B _ _(ﬁzeg o Zﬁze%? + ﬁ‘%e%ﬁ ) _

o’ o3 o3 ot

(

_F(X(X

B B B
oea —20e @ + e
o

—aﬁeg +2aﬁe%ﬁ - Bze%ﬁ
o3

Jot+ ( )B=0.

oFgo+ BFpp = (
Substituting (3.1.2) into (3.1.7), (3.1.8), (3.1.15) and (3.1.17), we have
2
€= MR

Where,
M = rop(0et — afea + e ) — 2500 (e + e — Bea),
N = ap?(alet — afet + Blew )+ a2b(afet —2ap2ew + ple )

_ B2 (apee —2aBlew +Bie ).

B 5 5
afes +afea —Brea

E*=(
B B
a’ea +affeo

) x C*

B —B )]y

atels o3Pl +a2pled (3.2.1)

B *E, 2 et} 2,0 2o 3, a4
Bm:C*X{[aﬁeaﬂL%Be a fzea _(OCB ed —20fe o +fe ™ m
a’ed+ofie o ;

aﬁeg—Zaﬁe#—i-ﬁze_Tﬁ m a3eﬁ+a3e#—a2ﬁe# m
g o WM st
aZed —qfea+pfle a2ed —qfea+pfle

 roo(a2e — aPet +B2ew ) — 28002 (e + e s —Pet )

= (32.2)

W

(3.2.3)

I~
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Where,

B B B B 5 5
P=o?B%a —a’Bea +afte o +a’B?b?ea — 203 B%ew b* + a’Blew b* —

2ocﬁ4e_753 —Bse_TvB,

0=o03.

;

p
A:(n—i-l)( 2(X4ﬁ4ea+065ﬁ3€a+065ﬁ360!+4063ﬁ5€a

—5a2[36e7 + 2a3[35e7 — a4/34ea — 064/3467 +2a[37e7

202B%k + a3Be +3ap e d —2B%e )

+L (4b203Boel — 8b2atBhets + 8b2ax 4[34{7’3 +bal 6;32%
_2b2aSBet + 6b S Ple +4bPalBoew — 8bPa}Bied

12p2a3BSed + bradSBles — 202aSBed —4ﬁ8e_7 +8aplew

—206[376%35[3 — 3B56a +203B% @ & —8a?Blea @ 4aﬁ7ea

+8a2ﬁ6e% — a4ﬁ4e7 + 2a4ﬁ4ea - 6a3ﬁ5ea),

a2B2e% —202B2 +20B% — 203 & +Blea
o2 ’

B—

C=BECF)  (—aSBe —8aPBt—3apte s +20'fiew

+14a2135+2a3[34ea — b 5[32ea+2a5ﬁ2b2 6b% a3
_8ha 3B4e 2 ebr2a 2[356 2 a2a 285 _ bzaﬁ%%ﬁ

+8b2 02 B4 +4B7 — 8aﬁ6+2ﬁ7ea —202B%e% ),

D=—5x(— 4b2a5[34ea +10b2a4ﬁ5+2b2 6B3et +2b2al B>
126020 Bied — 300203 B0 +6oc3[36ea +4a3B6 120287
_4atBen —4a*BS —2802B7e @ +4aBlea — 18b2atBie
11062027 e % +802B7e % +2b*abBies — 2b*abB3 +8braS B
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_4braSBled +20b a5 Bled +AbratBied + 8ot e
326203 B0 + 24088 — 8b*at B + 1662027 — 8B° — 14br ot Bie ),

E= 3><(2a5[34ea — 4B +8a3BO+2b2aSBle
—4a5/34b2 +6b2a4[35 — 10a2B7 — 2b2a4[35e7 +202B7e% (3.2.8)
+6apied —4bradBoed +2b2a?Blee —2B% ).

Substituting (3.2.4), (3.2.5) ,(3.2.6), (3.2.7), (3.2.8) into (3.1.16), we have

B™ {agat" B2 + a1 B3 + ar0°B* + aza® B + ascl B9

+asabB7 +asa® B+ ara* Bag o B0 + aga? B!

+aoB'? +an B} +roof{ana'®p? +ai3a’p?

+ajg0¥ Bt +ajsa’ B2 +aca®BO + a0 B’

+ajga* B8 +ajoa’ B +axa’Bl?+ayaft!
+anB?} 4 sof{anal® + aua'B +arsall B2 (3.2.9)
Ha260'0B3 + ax70° B4 + arga® B 4 azgat’ B

+azabB’ + a3 @’ B+ anatBd +azz o’ B0

tasa 0B + ro{assa B2+ asga'OB3

+az;0° B + azz 0B B + azoa’ B + agoa® B’

+as 0® BB +apotB +apo’Bl0+aua’pl}.

Where,
4 = (264 +4b2ee —8b2ew 4 2bYew —8blen +8bek),
Bt +32b2et —12b2¢ % +22b et —32btet —Ab et +2¢ % —8blet +8bte %ﬁ),

(=
= (Sea +8ea _20p%eE +8b2ea 130be — 16bet +2bten —8htew —12b2eoc)
(—dde’s & +dew +100b2%eT —36b%e % +Ab2es +16ea —40b2ew + 16b%ea +2b%et —
22bte ),
a = (44ea 8l — 100b2e — 8k +52b%e —dbe 1 24bted —24bte a +40be % —

4b267 —4b26?),
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as = (—68e% +8ew +4db2ea +8ble —Abed +dbtea +Aded —S6bPea +8bte o —
4bze?),

6= (Tdet — 60 —T2b2ea +76bze%’3 1 8b2ek +2b4e%ﬁ —20e% 1 2e% —8bte ),
a7 = (—18¢ @ —8et — 12b% @ +120% @ +48¢ @ —23b% @ —4b2ed +2bte o +
),

= (40e%ﬁ s8¢ —4b2e%ﬁ —dets +20b%e ),

2e

ag = (8e @ & —4ea —4b%e~ ),

ayp = (26773!3 — 1267756[3),

aj (2e )

A= (n(—e% —e% —plet fhle +2b?) —cx —ew — bl —6bRet 4202+ 12b%ew),
a13—( (5% 3¢ —5hPe +ab2ee —Tb2e® )+ 5% + 3¢ +2bPek +Abren +8b2e e +

32bhe +48bted —45hhet —51b4ea)

1 = n(—8e —Tew —8e'd + 1062 + 112 +3b%e — Sh2e® ) — 6ok — Te'w

2rew — 13b%e% + 66bre +2bre % —35h2e +4Tbtek +36bre s — 12b%e ),

ais = (n (2oea 4 22e 1 3e® —25b%ew — 3blet — SbPeh +2bre %) — et +35ek +
e —80b2ew —33b2et +119b%ek +4b%et —24b el +11b%e e +6b*e o +8b*ee +
bled + 43b4e%),

16 = (n(—266 +14b%e o —24e + 192 —22e @ +3e® +6b2ek —2b2ew )+ 19 +
2Ped —6Tc+29b2ed —8ed +11b2e§ _8hPe 1Abren —brer abtea —12bte ),
ar ( (SZea 1 23e —27he @ + 1l —6hPew —2e% —Zea)+49etx 4 56e —
182 @ —24c% —8b2e e +33b2ek +bed —She a +18bYe o ),

a1y = (n(—4lew + 15b%e @ — 1det —2dea +6b2e’7 4 2e%) —80eT +20b%e @ —
8ot +6b2e7 +8ea —2b%eo +b2ea +b4 = —8b4 =,

aro = (n(42e 4 14e —2bed —Thle" )+15e & L 48e —3pked — 16b2e 0 —
10et + b2 o +b4 77),

arp = (n(— 2led —9e ok £2b2e e ) 2de a4 3e e +8b2e F_8eT 2ok rp2e ),
n(Sea —|—6eoc )—|—4ea +126a e — b ),

Dbt —4blet +2b2e % +2bre % — 6t +8bre ),
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ary = (n (Zea tde® 1 2b2e % —6bPek +2ea)+2ea det 1+ 16b%e +2ek + 162 ®

2biet +8bie @ + 12b%ek —ab2ea —2blew —bted — 8b4e_7),

(s = ( (—8e'% — 14 —6b2e7 1 19h%e +4b%e — 10e% + 10627 ) — 12e% 8t —
8h2et —63b2c —8b2ew — 10 +18b2% @ +2b%et + 114b%e e —52bte e —20bret ),
(s = (n(26e% +8e% +24e% —20b2e e — 222k — b2t +Ab2ew + ldew +116b% @ )+
det 4 18¢% + 20 +46b2ed + 86b ek — 48b2ct + 14b2e s + lded — 32 a +
A2be —216b%¢ & + 156b% & + 16b* & — 8bie ‘Tsf),

a7 = (n(— et — 58k + 2% —40eT +46b2ea + 12b%e — 4bren +26b
2ot — 18¢t +dew —52ew 4+ 186b% @ — 112b%5 +80b2et — 168b%« — 16b%
Tabtew —192b% @ +20b%e @ —6ble® +56b'ea —8b4e%),

axg = (n (14ea 458k — 12027 —de% —52Ped £ 707 +30ed — 1262w ) +

)
o

38e —58ea+232b2e & — 10w —384b% @ +49¢ ¢ +38¢ @ +8blea +128b%
40b%e +96b%ea + 16b*e —54b2ea —8b4ea)

a9 = (n ( 70e¢ — 28et + 26b%e o +26b2e Z et — T8 )—1oe%ﬁ+144e§+
426b% +30b2 T Taet —142e % — 154b2e @+ 124ew —28b% @ — 68l —
et —24bre +12b4e o +8b4ea 40b4 ),

azo = (n(28ew 186 a —4blea +18e @ —18h%e ) 30e ¢ +267¢ @ —248b% @

bea —36b2e +92b2e @ — 126e% +38e4 +8b4e7+8b4 +16b2ea)

as = (n(—38e & _36e7a +4ble ) 250¢ % —40e @ +46b2 o +70b%e @ +8ded +
30¢t —8e ' — 16b% %),

= (n(4e oy 206 )+168e T 4 12e % —S6e —6bPed —8et — 16b%e" )

= (n(—4eo )+86 Z 58w —i—8ea),

2ew — 2b267 182 et —8blet),

 _22pen +4b2ea—16ea+32b2ea+4ea—8b2 ),

10e +6ea +8b%ed —30b%ek + 1662« —dew —2b2e%),

_2e% — 500k +22b% % +18e% +20e % — 16b%e @ —2ble),
— (50e7 —26e% — 8¢ —24b%e o +2ea +4bPea +24b% #),

4ol —2ed —4bled +28ed 126k +a4blew —8bre k),
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— (28e% —det —18e7a —2ble @ —20ea +8ble ),
a42:(6e7—4e @12 —2b2e_7),
a3 = (2e7a —10672!3),
ass = (2e J)

Assuming F" is a weakly Berwald space, B equals iip(1). Since « is irrational in (y), the

equation (3.2.9) splits into two equations as follows:

B2FB™ + B3G1rog+ a*Hyso+ o> B2 rg = 0. (3.2.10)

B2FRB™ 4 BGaroo + 02 Hysg + B2 Irg = 0. (3.2.11)

Where,

Fi = apa'® + ar ¥ B? + aga®B* + aga* B0 + aga? BB 4 a0 B0,

G =ai3a® +a;sa®B? +ap;o* B+ a0+ ax BB,

Hi = a3+ a)sa8 B2 + a0 B* + arga* B + a3 o B8 + az3 B 19,
I = a350® + az700B% + azoot* B* + aay ® O + a3 B3,

B =aa'"+a3a®B? +asaB* +a70* B+ aga? BE + a1 1O,

Gy = ana'®+a140* B2 +ais0® Bt + ajga* B + axna’ B +axnp'?,
Hy = a0 + ax608 B2 + ars a4 + azpo* B0 + az o? B8 + azu 10,
b = a360® + azz0°B% + agoot* B + as a® B0 + asa B3,

Eliminating B from these equations, we obtain
BRroo + a*Sso + a*B>Trg = 0. (3.2.12)

Where,

R=B%’FG| —F Gy;
S = FH, — FiHy;

T =PRI — Fb.

Since only the terms (XZ{OCIO(—2[?2€% _4bPed +2b2e s + 24 —6bew + 8b4e#) X
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a10(—8et +32b2%et — 12h%e% +22b* e —32btes —Abte +2e% —8ble +8bted ) —
a'((n (2e? Fdet 12bPe —6blel +2eh) 1 2e% +det +16b%e + ek + 16b%ew +
2064 +8b4e o +12b%ek —dbled — 22 —2bted —8ble ) x al0(2e +ablen —
8b2e7 + 2b467 — 8b467 + 8b4eE)so of Ssg in (3.2.12) do not contain 3, We need to have

hp(22)Va; so that
a22S0 = Bsz.

Case 1:
First we are concerned with > # 0 (mod ) and b # 0 shows the existence of a function

k(x) satisfying V5, = ka2, and hence sy = kf3 then (3.2.12) is reduced to
Rrgo+ o?kS + OCZﬁTVO =0

So the terms {—alO(Ze% a2t —8bRe 4 2btet —8bYen +8bek) x al0(n(—e —
ch — bRt 4 hlet 12bY) — e —en —2Pen —6brew +2b2 1 12b%¢% ) Yoo+ {(a'°
(—2b%% —4bet +2b%% +2bes —6bhen +8b%ed ) x al0(—8e +32b% % — 12
w1 20bYen — 3ok — bt 120 —8bet 8bYe ) —a'0(n(2e% +de +2b2ew —
6b2e +2e7) £ 2e% +de + 16b%e +2ea + 16b% % +20b*ew +8b*ea + 12b%a —
Ao —Rew — 2w —8bled ) x al0(2e% +able —8ble 42t — 8hte +
8bte)} ok

of the above do not contain . So there must exist 2p (1)U, satisfying —(26% +4b2e% -
8ble +2blen —8bte +8bYe) X (n(—et —et —ble% +hlet 42—k —ek —
22w —6bPet 4262+ 1264 % ) hroo+ {(—2b%e & —4bek 4+ 2b%e % +2btew —6bte +
8htew ) x (—8et +32b%ea — 12b%es +22b*en —32ben —dbfe +2et —8blek +
8blew ) — (n(2e% +det +2ben 6b2ea+2ea)+2ea Fdew £16b2ek +2ea + 162 %

1 20bYet 4 8bte @ 4 12b%eh —dbled —2b%ew —2btes —8btew kla? = BU. Ttis
a contradiction, which leads to k=0. Hence we obtain sy = 0;s; = 0. Substituting sy = 0

into (3.2.12), we have
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Rrog+ > BTry = 0. (3.2.13)

Then only terms [33{(,310(%%3) X (ﬁg[(n(Se%B + 6eiaiﬁ) +4€%SCB + 12¢@ —2e¢ —
bze%ﬁ)]}roo of (3.2.13) does not contain o, and hence we must have hp(21)V5; such

that B2 rg0 = a®V51. From a? 20 (mod fB) there exists a function f(x) such that
roo = Oczf(x);r,-j = a,-jf(x). (3.2.14)

Transvecting (3.2.14) by b'y/, we have
ro=PBf(x)irj="b;f(x). (3.2.15)
Substituting (3.2.14) and (3.2.15) into (3.2.13), we have
f(x)(R+B>T) =0. (3.2.16)

Let us assume f(x) # 0. Then (3.2.16) implies

sB 3B

% + 8b4e§) X (n(—ea —ew

3B
o

(—(2e% +4b2e® —8b2ew 4+ 2b e —8b*

e
D% 4w 12D —eh — ek — 2l —6bPen + 267+ 12b% % ) }a20 = BV,

Where Vy9 is hp(19). This implies Vig = 0, provided that 5> # 0. Hence f(x) = 0 must

hold and we obtain
roo =0;r;j=0and ro =0;r; = 0.

Conversely, substituting roo = 0,50 = 0 and rp = 0 into (3.2.9), we have Bj; = 0. That is,
the Finsler space with (3.1.1) is a weakly-Berwald space.
On the other hand, we suppose that the Finsler space with (3.1.1) is a Berwald space. Then

we have rop = 0,59 = 0 and ro = 0, because the space is a weakly—Berwald space from the
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above discussion. Substituting the above into (3.2.1), we have B™ = (0, that is, the Finsler
space with (3.1.1) is a Berwald space. Hence s;; = 0 holds.

Case2:

Consider a2 =0 (mod B). Lemma (3.1.2) indicates that, for n = 2, b2 =0 and a? =

B8,8 = d;(x)y'. The following conditions (3.2.12) are rewritten in the form
R'rgo+8S'so =0, (3.2.17)

where,

R = B2{B385(—8e® +2e% )+ BOG*(—ade™ +de® + 16e) + B763(—68¢ +8et +
A4e )+ B35 (—18¢ @ — 8t +48ew +2e% )+ BOS(Bea —dew )+ BO2ed )} x
(B*8*(n(5e@ +3e%) +5e% + 3¢ ) + B563 (n(20e% +22ek +3¢%) — e +35ek +
3¢ )+ BOSA(n(52e +23es 4 1le —2e —2e ) +49e%f +56e§ - 24%) +/376(
(426773[3 —1—146#)—%156# +48e# - IOeg)—i-ﬁ (n (Se 2 +6e7a )+4e & +12e &
2ew )| {(B385(2e% ) + BOS*(8e ™ +8ew )+ P78 (4dew —8ew —8e'w )+ B35 (The —
60e e —20e% +2e% )+ BO5(40e T —58ed —de) +BO2ew —12e7 ) x [B58%(n
(—e% —e3£) —esrf —e3a )) +B08*(n(— 8e§ —76% —Se%) —6e% —76%) +B783(n(—26
e —2dea —22ed 43 )+ 19 —6Tet —8ew )+ 352 ((n(—4lew — 14e —2dea +
2e) — 80ed — e + 8er ) + BO5((n(—2led — 9 ) —24ea +3ed —8ed +
2eg) + ﬁ10(2ne_75f)}

— [{BOS*((n(—8e ™ — 14 — 10¢%) — 12¢% — 8e'w — 10e) + B783((n(—34e s —
58¢4 +2¢'% —40e@ ) +2e % — I8¢k +4ed —52ed )+ B33 ((n(—T0e ¢ —28et +4ed —
78e7d ) — 100 + 144ett —The t —142e7a +124ed —2e ) +/395(( (—38e% ~36e
)—250¢ @ —40e % +84ed +30e% —8ew )+ B0 (n(—de @ ) 48w —58e @ +8ed )}
(B565(—8ew +2ew )+ BOSH(—dde's +dew +16ea)+ P83 (—68e +8ew +4ded )+
B8S2(—18e¢ —8ek +48¢a 1 2e% +BO5(8e w —dew )+ BIO2ed )|~ (BI85 (n(2e %
Ao £ 2ea) 1 2e% +ae 42 )+ BOSH(n (26e§ 1 8e'w £ 24ew 140 ) +de +18e% +
206%)4-[3753( (14ea +58¢ —dew +70e ¢ +30ed )+38ea 58— 10e% +49e % +
38 ) +5852( (28{7 +86e% + 18e’7) _30e 4267 @ +6e @ —126¢% +38e )+
B8 (n (4e & 422 a )+168e 7 £ 12e@ — 560 —Sea)—l—ﬁlo( 2e#+8e%ﬁ)} X
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((B365(2¢% ) + BOS* (8 +8e )+ B763 (44 — e —8ew )+ B35 (Thes —60ea —
206 +2% )+ BO5(40e % —58¢d —de) + BlO2ed — 12e7 )],

Since the only term which does not contain J is ﬁz{(ﬁlo(Ze%w) X ﬁg(n(Se%ﬁ +6e%ﬁ) +
de @ 112ed —2ea)—BO2ea —12¢7a ) x B10(2ne ) Yoo in (3.2.17), We require

hp(1)vy so that roo = 6vi. We have so = 0;5j = 0, now (3.2.17) becomes
R'rg0 =0, (3.2.18)
which indicates that
roo =0;r;j=0and ro = 0;r; = 0.

Using roo = 0, ro = 0, and sop = 0, we may conclude that B] = 0. The space containing

(3.1.1) is a weakly-Berwald space. Thus, we state the following.

Theorem 3.2.1. A Finsler space endowed with the metric (3.1.1) is weakly Berwald space
if and only if the following are satisfied:

(1) a®> %0 (mod B), which yields r;j =0 and s; = 0.

(2) o> =0 (mod PB) indicates that n=2, b*> = 0, and rij = 0,5; = 0 are satisfied, where

o = B8,8 = diy'.
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CHAPTER 4

Projectively Flat of Finsler-Metric with Constant Flag

Curvature

This chapter examines general (@, 3)-metrics, a significant class of Finsler metrics. The
flag curvature of generic (o, )-metrics, as well as their geometric characteristics and theo-
retical implications, are examined in this chapter. Classifying locally projectively flat cubic
(o, B)-metric and generalized Matsumoto metrics with constant Ricci curvature is the goal
of this chapter. The objective of this research is to construct a generalized Matsumoto and

a cubic (a, B)-metric with zero flag curvature.

4.1 Introduction

One of the most essential challenges in Finsler geometry is to examine and characterize
Finsler metrics with constant flag curvature. Another task is to investigate and characterize
projectively flat Finsler metrics on an open domain in R". The latter is the famous Hilbert’s
Fourth Problem in the regular case. In Riemannian geometry, these two problems are the
essentially same. The Beltrami theorem tells us that a Riemannian metric is locally pro-
jectively flat if and only if it is of constant sectional curvature. However, there are locally
projectively flat Finsler metrics that are not of constant flag curvature; and there are Finsler
metrics of constant flag curvature that are not locally projectively flat.

Distance functions induced by Finsler metrics are regarded as smooth ones. Thus Hilbert’s
Fourth Problem in the smooth case is to characterize Finsler metrics on an open subset in
R" whose geodesics are straight lines. Such Finsler metrics are called projective Finsler
metrics. In Finsler geometry, the flag curvature K(P,y) is an analogue of the sectional cur-
vature in Riemannian geometry. It is known that every projective Finsler metric is of scalar

curvature, namely, the flag curvature K(P,y) = K(y) is a scalar function of tangent vectors
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y. In the early 20" century, L. Berwald studied projective Finsler metrics of constant flag
curvature, particularly in the case of zero flag curvature [20, 22]. P. Funk classified all pro-
jective Finsler metrics with constant flag curvature on convex domains in R? [50, 51]. Later
on, Funk tried to show the uniqueness of projectively flat Finsler metrics with K = 1 on $2,
with an additional condition, he showed that the standard Riemannian metric is the only
such metric. In 1995-1996, R. Bryant showed that there is exactly a 2-parameter family of
projectively flat Finsler metrics on S? with K = 1 [24, 25].

There is another important quantity closely related to the flag curvature, the so-called S-
curvature. The S-curvature, a scalar function on 7M, was introduced by the second author
to study volume comparison in Riemann—Finsler geometry [126, 128]. The Finsler metric
F is said to be of isotropic S-curvature if S = (n+ 1)cF, where c is a scalar function on M.
Further, if ¢ is a constant, then F' is said to be of constant S-curvature. It is proved that for
a Finsler metric F' of scalar flag curvature, if it is of isotropic S-curvature, then F must be
of almost isotropic flag curvature with flag curvature (see [30]). Thus, the flag curvature

and the S-curvature are closely related.

4.1.1 Preliminaries

Let F be a Finsler metric on a manifold M. In a standard local coordinate system (x',y') in

TM, F = F(x,y) is a function of (x',y'). Let

gij(xay) - %[Fz]yiyj<x7y)’

and (¢/) = (g")~'. For a nonzero vector y = y' %] » € T,M, we obtain an inner product
on T,M,
i d

&y(w,v) = gij (e, y)ulvl w =l 2o, v = Vi,

which satisfies that g,(y,y) = F2(y). Let

hy(”av) = gy(’/l?v) _Fiz(J’)gy(”awgy(Va)’)a u,v € TpM
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hy is called an angular form on 7,,M associated with y.
The geodesics of F are characterized locally by [125];
d’x dx

T 426G (k. ==
dt? +2G(x, dt)

0,

The second variation of geodesics yields a family of linear maps Ry = R! (x,y)dx* ® % |p:
T,M — T,M, where R; = R} (x,y) are given by

9G' . 9°G j G 9G' 9G/

Ri=2— —y 422G ——— — —— .
=20k Y ooy T ayiank T 9yl oy

4.1.1)

For any non-zero y € T,M, R, satisfies Ry(y) =0, g,(Ry(u),v) = gy(u,Ry(v)), u,v e T,M.

The Ricci curvature Ric(y) is defined to be the trace of Ry,

Ric(y) = Ry (x,y).

One can easily verify that for any tangent plane P = span{y,u} C T,M, the following

quantity is well-defined:

(Ry(u)v u

8
SR )

K(P,y) is called the flag curvature of the flag {P,y}.

A Finsler metric F is said to be of constant flag curvature K = A, if for any y € P C T,M,
K(Py)=A.
This corresponds to the following identity [125]:
R, = A{F*8} — FFy'}. (4.1.2)

If (4.1.2) holds, then R” = (n— 1)AF?2. That is, if K = A, then Ric = (n— 1)AF>.
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4.1.2 Equations of Geodesics of Projectively Flat Cubic (a, 3)-Metric

In this section, we will find the equations of geodesics for projectively flat cubic (a, f8)-

(a+p)’
o2

metric with constant Ricci curvature. Let F' = be a cubic (¢, B)-metric on a mani-

fold M.
For a Finsler space with (a, 8)-metric, the geodesic spray coefficients G'(x,y) are of the

form
G'=G'+D,

where D' is represented as

i_ (N i OFF;. aR
D——Qﬂ){y+(ﬁ”a5)p}%—(ﬁ&>sm (4.13)

and

Now we shall find D' for a projectively flat cubic (a, §)-metric. For the cubic (¢, B )-metric

P (al—zﬁ){
ﬂ:(a+ﬁif—2m7 ﬂ_:&a;fmﬂ
3 2 6
B = w;ﬁ% 2 _<i;m

Where F; = 8F/6a, Fi1 = 8F1/8oc, h= 8F/<9[3, = 8F2/8B Then
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(a+B)"°((a+B) (e —2B) +67°)
al2

T =

2

(37*ro0 +3a*(a + B)so)
((a+PB) (o —2B)+6y*)’

&=

_ 30*(roo(@ —2PB) —60%s0)
T~ 2((a+B)(a—2B) +6(A—B2))

Substituting these in equation (4.1.3), we obtain D' as follows:

; 3roo(a—2B) —60a%s0} x {y' + %pi} 302

+ ( ). (4.1.4)
2((a+pB)(a—2B)+6(A—p2)) a—2p""
Where p' = B! — %yi, A =7y>+ B2
For projectively flat cubic (¢, B)-metric, we have
g 36s0b*B + Bsi.
07 6b2(1+6b2)

Then D' can be written as

i — L(r0oPs + s0P3)y" + (rooPs + soPs)B' + 5'Ps} (4.1.5)

P

Where,

Py = 1207 (14 6b%)(o® —30*B — 6a B>+ 6> + 1683 — 12b%a’B),
P, = 6b%(1+6b%)(3a®> — 18 +24B2),

Py =—180° +720°P,

Py =360°b% — 7202 Bb% 4 2160°b* — 43202 Bb*,

Ps = —2160°Bb*> — 1728a* b2,

Ps = 6a*B — 603 B2 — 48023 + 360 b2,

B =d"b,, Yi=ayy", b*= aijbibj, st = airsrsjyj, s; = bys;.

(+B)

Lemma 4.1.1. For a projectively flat cubic (o, )-metric F = R D' is given by

(4.1.5).
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If we define [10]

then D' is given by

{(rooPs +50P3)y" + (rooPy + koooPs)B' + Kiy, P }
P ’

D' =

where,

Py = 120%(1 +6b%) (o —3a%B — 60>+ 6b*a® + 1683 — 12b%a*B),
P, = 6b%(1+6b%)(3a®> — 18 +24B2),

Py =—180° + 7202,

(4.1.6)

P, = 36a°b* — 108aBb? + 2160°b* — 43202 Bb* + 216a32h> + 1728B3b* — 60%B +

603 +48p°,

P, = —2160aB8b* — 172832b*,

P, = 6a’Bb? — 6aB2h* —48B3b + 3602 Bb*.
Where, K;jx = a;;Kj,.

Substituting (4.1.6) into G, we obtain

{((rooP> + soP3) + (I’iOP:; + kiOOP;)Bi + K,?opé)yi}
P '

G'=G+

Let

{(rooPs + 50P3) + (rioP, + kiooP5) B 4+ Ky P }
P, ’

Where P, PZ,P3,P4, PS/,Pé are as defined above. Then (4.1.7) becomes
G'=Gi+ Py,
The S-curvature is given by

86

4.1.7)



S=(n+1){P—dp(y)}.

Substituting P into the above equation, we obtain

{(rooP> + s0P3) + (rioPy + koo P5) B! + Kl Py } _
Py

S= (n+1){ dp(y)}, (4.1.8)

where p :=In\/1—||B||*.

Theorem 4.1.2. The S-curvature of a projectively flat cubic (,)—metric is given by

(4.1.8).

4.1.3 Projectively Flat Cubic (o, )-Metric with K =0

Now we study locally projectively flat cubic (@, )-metric with constant Ricci curvature.

Let
¢ = by y'y!, W= by
Since B is closed [58],

(bij = bji) = 0.

| =

Sij =

Hence s; = 0, and the Riemannian curvature R, = R};dxk ® a% of F is associated with the

. . b __ Di k 0
Riemannian curvature Ry = R;dx" ® 5 of o by

o j 300, VI, j
Ri —R! (Y ! 4.1.
where,
¢ = biy'y’,
W = by jjy' vy,
B, =8l — L l',

87



Mk = — By ik — byii )Yy

Substituting k = i into (4.1.9), since A = n— 1 and 1;y° = 0, we obtain

g {30 Y1,
Ri_R,-+{4(F) 2F}(n 1). (4.1.10)

Now from R} = K(F?8] — Fg—;j(y’) with r = k = i yields

Ri=(m—1)KF? Ri=(n—1)ua’ (4.1.11)
Now from (4.1.10),
300\ v
KF?P=pa?+=> (=) — L. 4.1.12
pa+3 (2) - @1.12)

where n # 1.
Since f is closed [58], F must be pointwise projectively equivalent to . Thus o must be
locally projectively flat. This implies that  is of constant curvature K = L.

A Finsler metric F is said to be of constant flag curvature K = A. Thus from (4.1.12),

300\ v
AFP=po*+ > (&) — 2. 4.1.13
pat+3 (2) - % @.1.13)
Theorem 4.13. Lot F = “BY 1o o localty projectivel bi '
eorem 4.1.3. Let F = —p bealoca y projectively flat cubic (a,B)-metric, sup-

pose that F has constant Ricci curvature Ric = (n— 1)AF?, then
(a) F has flag curvature K = A =0,

(b) a has curvature K = 11 = 0.

Proof. From equation (4.1.13), we obtain

3., Ala+p)? yla+B) wy(@+p) u(a+p)°
e R e e (4.1.14)
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Further, (4.1.14) is equivalent to

Substituting (4.1.16) into (4.1.15), we get

§¢2 _Ala+B)* 2u(a+B)°
N ad o? '

4

Now, differentiating (4.1.17) w.r.t. ¥’ and y/, we obtain

124 (o + B) by’ 120 (4 B) by’

3
§¢bi|j|ky y = s o2

Contracting (4.1.18) with yk, and we have

122(a+B)!o  12u(a+p) ¢
a8 a o? '

3
§¢W—
Substituting (4.1.16) into (4.1.19), we have
—3uod(a+p)  +12u(a+B) %a’ =121.

Further differentiating (4.1.20) with respect to y* and y/, we obtain

240 (o+B) by — 12ual(a+ B) by =0.

Now again contracting (4.1.21) by y* and we get;

op(24a — 7200+ B)*) =0.

Suppose ¢ (24a8 — 7208 (o + B)?) # 0. This implies that
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u=0.

Substituting this into (4.1.17), we obtain

2_ 4A(a+B)"

(o] 300 (4.1.23)
We observe that A > 0 and
6
¢ = e—zﬂ(aw) ; (4.1.24)
V3a#

where € = +£1.
Now we assume that ¢ (24a8 — 72a%(a + )?) = 0; then we show that (4.1.24) still holds
withA =0. LetU = {p € M|B, # 0}. By assumption 3 # 0, we know that U is a non-empty

open subset of M. For a point p € U, for any y € T,M with B,(y) # 0, we have

vp(y) =0.

Since the hyperplane f3, = 0 has zero measure in 7,M, we conclude that ¢, = 0. Then f3 is

parallel and y =0 on U. It follows from (4.1.14) that the following holds on U.

Ala+B)° —uab=0.

_(atB)°
= T
We conclude that
u=0.
According to Theorem (4.1.3(a)), we can state that: Il
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(+B)°

Theorem 4.1.4. If F = ————— is locally projectively flat cubic (a,3)-metric, then F is

o2

locally Minkowskian.

4.2 Geometric Equations for the Projectively Flat Gener-

alized Matsumoto Metric

In this section, we examine locally projectively flat generalized Matsumoto metrics with

constant Ricci curvature.

1

Let FF = % be a generalized Matsumoto metric on a manifold M, where

aly) = ai;(x)y'yl,  B(y) = bi(x)y',

with || Bl = supyer,mB(y)/a(y) < 1.
ap+1

For the generalized Matsumoto metric F = a—p)P>

of (0 —B(p+1)) ot
b= (a_ﬁ)llzﬂ ’F2:(ap_w’
5o plp+ DB’ _ plp+1Dart!
S O e ()

WhereF1:8F/8a, F11:3F1/806, F2:8F/8[3, F22:8F2/8[)’.Then

4p
T— (a_aw{(a—ﬁ)(a—ﬁ(p+1))+p(p+1)?’2)}7

Y p(p+1)roo+2(a— B)patso
{(a—B)(a—B(p+1)+p(p+ 1)y}

$=5

_ pa* {roo(a—B(p+1)) —2pa’s}
1= 2 {a—B)a—Blpr+ 1) +plp+ 1)(A— P2}

Substitute these in equation (4.1.3), we get D' as follows

_ p{roo(a—pB(p+1))—2pa*s}
2x{(a—=B)(a—B(p+1)+p(p+1)(A—p)}
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{” o 2—%%) } i (%) o
B

Where p' = B — ?y", A=7y>+ B>

For Projectively flat generelized Matsumoto Metric, we have

. Bs,—|—2p (p—l—l)soB’b2
07 2pp2(1+p(p+1)b2)

Then D' can be written as

(Al 100 +A2S0) yi + (Bzr()() + B3S0) B+ B4Si

D = 3 , (4.2.2)
where,
Al:paz(a—ﬁ(ﬁl))x{2pb2(1+p(p+1)b2)X{(a—ﬁ(pH)) Bp+1)}}
2{(a=B)(a—B(p+1))+p(p+1)(b*a*—2B2)} ’
p, = —2pe X {2pb (L plp+ V)B?) < {( = B(p+1) — Blp+ 1)} }
2{(a=B)(a—B(p+1))+p(p+1)(b*a*—-2B%)} ’
g, PeH{(a—B(p+ 1) x2pb?(1+ p(p+ 1)b°)(p+ 1)}
27 2{(a—B)(a—B(p+ 1) +pp+1)(p202 —22)}
—2p?ab x2pb* (1 +p(p+1)b*)(p+1) 2 D

57 2@ B)a— B+ 1)+ plp+ Db~ 25%)
By = pa’p,

Bs=a?(a—B(p+1))2pb*(1+p(p+1)b?),
Bi _ airbr7 Y, = airyr7 b2 _ Clijbibj, Si — ai’srsjyj, S;i = brs;‘

Lemma 4.2.1. For a projectively generalized Matsumoto metric F = %, D' is given

with the aid of equation (4.2.2).
If we define [10]

Ki ajs' —}—r]kB
Jk
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then D' are given by

(A1700 +A250)y' + (B/zroo + Bék000> B+ Bk

D = 5 , (4.2.3)
5
where,
4 Po?(@=Bp+1)) < {2pb*(1+ p(p+ 1)b%) x {(6 = B(p+1) = B(p+ 1)} }
: 2{(a—B)(a—B(p+1)+p(p+1)(b?02 —2B%)} ’
A, = 2P X {2pbA (L4 p(p+ D7) x (@ = B(p+1) — Blp+ DI}

2{(a=B)(a=B(p+1))+p(p+1)(b*a?—2B%)}

o _pot{(a—B(p+1)) x2pb*(1+p(p+1)b*)(p+ 1)}
> 2{(a—B)(a—B(p+1))+p(p+1)(2a®—2p2)}

_ﬁ{ —2p*a* x 2pb*(1+ p(p+ 1)b*) (p+ 1)
2{(a—B)(a—B(p+1))+p(p+1)(b*a*—2B%)}

B — ( —2p?a’ x 2pb*(1+ p(p+ 1)b*) (p+1)
7 \2{(a—B)(a—B(p+1)+p(p+1)(b?a?—25%)}

B;:pazﬁbz,

Bs = a?(o.—B(p+1))2pb*(1+ p(p+1)b?).

+2p°(p+ 1)062192} — po?P,

L 2p(p+ 1>a2b2) |

— . r
Where K;ji = a; K},

Substituting (4.2.3) into G', we obtain

: (4.2.4)

G N (AerO ‘|‘A250) + (Blzr,'() +B/3ki00> B! +B;k§0 .
= B y

Let

(Arroo +Aaso) + (Byrio + Bykioo ) B + Bkl
P=
Bs ’
where all coefficients are as defined above. Then (4.2.4) becomes
G =Gl + Py,

The S-curvature is given by

S=(n+1){P—dp(y)}.
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Substituting P into the above equation, we obtain

(Al 700 —i—AzS()) + <B,2r,'() + ng,'()()) B + Bllk;:O

S=(n+1) 2
5

—dp(y) p, (425

where p :=In\/1—||B||%.

Theorem 4.2.2. The S-curvature of a projectively flat generalized Matsumoto metric is

given by (4.2.5).

4.2.1 Projectively Flat Generalized Matsumoto Metric with K =0

Theorem 4.2.3. Let F = % be a locally projectively flat generalized Matsumoto met-

ric. Assume that F has constant Ricci curvature Ric = (n— 1)AF?, then:
(a) F has flag curvature K = A =0,

(b) o has curvature K =yt = 0.

Now from equation (4.1.13); we get

2 A (a4p+4) B ‘ua2p+4 v(a—p)? (a2p+2) - v(a—p)? (a2p+2)
¢) N ((X—ﬁ)4p ((x—ﬁ>2p+ aptl (a_ﬁ)2p z(ap+1)(a_ﬁ)2p . (4.2.6)

4

Further, (4.2.6) is equivalent to

3

A (a4p+4) 1/’(05 _ B)P (a2p+2)

ap e e 0
y _ —por®
2" e p (4.2.8)
Substituting (4.2.8) into (4.2.7), we get
I

94



By differentiating equation (4.2.9) with respect to y' and y/, we obtain

3 b vivi 1 4pattt (o — B)* by o3 (2p+2) (o0 — B) 2P by
2 PPy = (@B ) (a— By
(4.2.10)
Engaging in contracting (4.2.10) with yX, we possess;
3y Ao a— Bl 2uatt2p+2)(a— gt
e @-pprs @D
By inserting (4.2.8) into (4.2.11) and we have;
—3ar™ 2075 (2p+2)\  4Apatrtt 1212
a—p "l BT ) T (a-pyi e

Differentiating equation (4.2.12) with respect to y* and y/ yields the same results.

< Z (a —a[f):; :bz‘v« (4p+ j() ;P_Jr;)lﬁ_pbik) —o. 4.2.13)
Now, by once more contracting by y,, we obtain:
R R
Assume that;
(Sl e o
Implies that ;
u=0.
By inserting it into (4.2.9), that results in;
9% = % (%) . (4.2.15)
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We observe that: A > 0 and;

B 28\/I a2p+2
°T @B

(4.2.16)

where € = +1.

, 3(a—B)r!  (dp+4)(p+2)alr
Assuming that ¢ <4_1 PR 4(o— B)r+3

(4.2.16) remains valid with A = 0. Let us define U = {g € M | B, # 0}. Given that  # 0, it

) = 0, we will demonstrate that

follows that U is a non-empty open subset of M. For any point g € U, and for every vector

y € T,M such that B,(y) # 0, we obtain

v, (y) = 0.

Since the hyperplane 3, = 0 has zero measure in T,M, we conclude that ¢, = 0. Conse-

quently, 3 is parallel and y = 0 on U. From (4.2.6), the following holds on U

A(a4p+4) ‘ua2p+4

(a—B)*  (a—p)*"

P
=2 gy

We conclude that

u=0.
From Theorem (4.2.3)(a), we have the following:

Theorem 4.2.4. If F = % is a locally projectively flat generalized Matsumoto metric,

then F is locally Minkowskian.
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CHAPTER 5

Locally Dually Flatness Properties in Finsler

(a, B)-Metrics

In this chapter, we establish the criteria for a non-Riemannian cubic (@, 8)-metric and an
exponential (¢, 3)-metric to be locally dually flat and projectively flat and characterize

these conditions in terms of isotropic S-curvature.

5.1 Introduction

Information geometry is a branch of geometry in which the concepts of differential geome-
try are applied to study the geometrical structure of probability distribution functions in the
fields of control system theory, statistical inference and multi-terminal information theory
[8, 9]. Amari and Nagaoka [9] considered the Riemannian metric and studied its dually flat
properties in the context of information geometry. Further, Yu [162] proved that the spray

coefficients for dual flatness of a Riemannian metric can be expressed as follows:
Gi, =20y + a?0',

where Gi, are the spray coefficients, 6 := 6;(x)y' is a 1-form, and 8’ := 4"/ 6.

Thus, for the Riemannian metric, the characterization for dually flat is clear. However, in
the case of Finsler metrics, it is more difficult yet interesting, as it involves the study of
non-Riemannian spaces. The renowned mathematician Shen [125] applied this concept in
the non-Riemannian case in a particular and simple class of Finsler metrics known as the

Funk metric, which is given by

V(= PP+ < xy >2 L <xy>

F =
1—|x? 1= |x]2”
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and defined on the unit ball B"(u) C R”. The above metric is the only known example of
a locally dually flat metric with non-zero constant flag curvature K = —%, under which it
is a special class of Randers metrics, making it a particularly interesting example in the
case of non-Riemannian metrics. Furthermore, Cheng et al. [37] proved that the dual
flatness of a Randers metric always arises from that of some Riemannian metric. In recent
years, the concept of dually flat Finsler metrics has become an important class in Finsler
geometry, and many authors [31, 32, 35, 36, 92, 93, 125, 152, 159] have studied dually flat
Finsler information structures and obtained various interesting results that application in

Information geometry.

5.1.1 Preliminaries

Definition 5.1.1. A Finsler metric F on an n-dimensional manifold M is said to have

isotropic S-curvature if S = (n+ 1)c(x)F, for some scalar function ¢ on M [122].

The mean Cartan torsion for an (¢, 3)-metric is given by [118]

P9 —s5¢’
Ii = —%(ab, —SYi)-

Thus, for an (o, B)-metric F = a@(s), s = g, we have:
Theorem 5.1.2. [158] If F is not Riemannian and ¢'(s) # 0, then F is locally dually flat

on M if and only if the pair (o, ) and ¢ = ¢(s) satisfy:

1. sio = (B6 — 0by);

Wi Wi

2 1
2. rpo= 0B+ {T+ g(bzf— 911?1)} o’ + §(3k2 —2-3ksb?)TB?;

—

1 1
3 GL= 3126+ B3k - 2)tB]y + §(eﬂrbl)oﬂ + Ekgfﬁzbl;

4. 7 sl —kss?) (09" 59" —596") = (6" +99") +k10(9 —59")| = 0.
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where T = 1(x) is a scalar function, 8 = 6;(x)y’ is a I-form on M, 8' = a"™@,,, k =

_IO) L o oI (0) — 6I2(0) — __¢
H(O),kza— 20) k= 55701 130" ()11 (0) — 611%(0) — Q(O)IT"(0) | and 0 =55
I1= % From theorem (5.1.2), we have:

Lemma 5.1.3. ([36]) Let F = F (x,y) be a Finsler metric on an open subset U C R". Then
Fis locally dually flat and projectively flat on U if and only if Fx = CFFy, where C is a

constant.

Corollary 5.1.4. [158] Let F = a¢(s), s = g be an (o, B)-metric on an n-dimensional
manifold M™(n > 3), where & = \/(a;jy'y’) is a Riemannian metric and B = b;(x)y' # 0,

is a I-form on M. Suppose that F is not Riemannian and 4)/ (s) # 0. If ¢ further satisfies

s(ka —kss2) (99 — 50" —509") — (9" + 90") +ki9(¢ —s9) #0.

then F is locally dually flat on M if and only if o and B satisfy:

1
1. Szozg(ﬁez—ebl),
2 I 2
2. r00=§[9ﬁ—(91b)0‘ ],
1
3. Gg,:§[29yl+ela2].

Chen, Shen, and Zhou [36] explored the class of (o, 3)-metrics of non-Randers type, i.e.,
¢ # t1\/ 1+ 152 + 35 with isotropic S-curvature, and Bacs6, Cheng, and Shen [14] estab-

lished the following results:

Theorem 5.1.5. Let F = a.¢(s), s = g be a non-Riemannian (o, )-metric on a manifold
M and ¢ # 1t \/m—f— 135 for any constants t| > 0, tp and t3 then F is of isotropic S-
curvature S = (n+ 1)cF if and only if one of the following assertions holds: [118]
(i) B satisfies

rij = e(b*a;j—bibj),s; =0, (5.1.1)

where € = €(x) is a scalar function, and ¢ = c(x) satisfies

P2

d=-2(n+ l)km,

(5.1.2)
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where k is a real constant. In this case, S = (n+ 1)cF with ¢ = ke;
(ii) B satisfies
rij =0,s;; =0. (5.1.3)

In this scenario, S = 0 irrespective of the choice of a specific ¢.

5.1.2 Characterization of Locally Dually Flat Cubic (o, 3)- Metric

In the present section, we study locally dually flat cubic (@, ) metric given by equation

(1.4.5) with isotropic S— curvature and obtained following results :

Theorem 5.1.6. The cubic (., B)-metric on an n-dimensional manifold M (n > 3) is locally

dually flat if and only if the following conditions are satisfied simultaneously.

1. S10 = (/391 — Gbl),'

1
3
2 2 1

2. roo = 59[3 + {H §(b%— Glbl)} o’ + §(13 +90b%)T?;

1 1
3. G, = 3 26 +431B]y + g(elrb’)az —157B2%b.

(o+B)°

Proof. For the Finsler metric F' = o we can obtain k| = 15,kp = 5,k3 = —30, and

( (p:(1+s)3,¢':3(1+s)2,¢":6(1+s),¢)m:6,H:ﬁ,
I1(0) = 15,11 (0) = 15,11 (0) = 90,I1" (0) = 450,
3 6 4 24 w144
Q=15y¢ _(1—2s)2Q _(1—2s)3’Q (1 —29)*
0(0) =3,0(0)=6,0"(0) =24,0" (0) = 144.

In view of the above values, Theorem (5.1.2) yields the following result.

sl —kss?)(99' — 50" = 569") = (6" + 99") + k19 (9 —59)| #0and T =0,

Finally, substituting k1, k2, and k3 into Theorem (5.1.2), the result follows immediately. L[]
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An immediate consequence of Corollary (5.1.4) is the following:

1
1. s10:§([39,—6b1),
2 N 2
2. r00=§[9ﬁ—(91b)0‘ I,
1 1 1 [ 2
3. Gg = 3[26y' +6'a’).

Thus, F is locally dually flat for the cubic (o, )— metric.
Let ¢ = ¢(s) denote a positive C* function on (—bg,bg). Consider a number b € [0, by

such that

U
Y

®=—(Q—50Q)(nA+1+50) — (B> —s*)(1+50)Q (5.1.4)

6
(1—2s)2

where A = 1 +s5Q + (b* — sz)Q,. Now using the value of Q = and Q' =

1—2s
into the above equation, we obtain

1 —s— 852+ 6b>
A=
(1—2s)?

Eliminating 1 +sQ from the expression A = 14 sQ + (b*> — s*)Q’ and equation (5.1.4), we

obtain

®=—(0—50)(n+ 1A+ —s*){(Q—50)0 —(1+s0)0 }. (5.1.5)

Theorem 5.1.7. Let F be a non-Randers cubic (o, B)-metric on an n-dimensional manifold
M (n > 3) with isotropic S-curvature S = (n+ 1)cF, where ¢ = c(x) is a scalar function. If
F is locally dually flat, then F is locally projectively flat, and its spray coefficients satisfy
G'=0.

Proof. Let G' = Gi(x,y) and Gy = Gi,(x,y) denote the coefficients of F and a, respec-

tively, with respect to the same coordinate system. By definition [118], we have
G =Gy, +Py+Q, (5.1.6)
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where

P=a~'®—2Qas00 + roo, (5.1.7)
Q' = aQsh+¥ — 2Qas00 + oo, (5.1.8)
o__ 00 —s(09"+0'9) _  3-1%
20((9 —s59") + (b2 —s%)9")  2(1—s5—8s>+6b%)’

3

1
\P:— — .
2(¢p—s¢")+ (b2 —s2)9p" 1—s5—8s>+ 6b?

First, we assume that Theorem (5.1.5) holds in case (i). For the cubic (¢, B)-metric, we
have
1 —s5— 852+ 6b?
A=
(1—25)?

From the above expression it is clear that (1 —2s)?A is a polynomial of degree 2 with

respect to s. On the other hand, we have

¢ (1 —5— 85>+ 6b%)?
(1—2s)%

PA? = (5.1.9)

So, if case (ii) of Theorem (5.1.5) holds, then replacing the aforementioned value of ¢A2

in equation (5.1.2), we have

(1—=25)*(b* —s2)® = —2(n+ 1)k (1 — s — 85> 4 6b°)>. (5.1.10)

It follows that (b> —5?)(1 — 2s)*® is not a polynomial in s. Thus, equation (5.1.9) can be

rewritten as

where
A=¢(1—s—8s>+6b*)>.

Since the metric F is of non-Randers type and A is not a polynomial in s, then (b* —s2)(1 —

3 / 6 "
2s)4d> is not a polynomial in s. Now, using the value of Q = ——— 0 = —0 =
1—2s (1—2s)

102



24
m in equation (5.1.5), we have
—2s

(n+1)(3 —125)(1 — 5 — 8s% + 6b%) + (b> — s)(—6 — 96s)

®=— (1—2s)*

. (5.1.11)
From equations (5.1.10) and (5.1.11), the expressions (b? —s?)(1 —2s)*® are polynomials

of degree 4 and 5 with respect to s, respectively. From equation (5.1.11) the coefficient of

s° is never zero ensuring that @ = 0. So, we conclude that equation (5.1.2) is not viable.

Thus, case (ii) of Theorem (5.1.5) holds. Hence, we have
roo = O,S,'j =0.
Using rgp = 0 in the second condition of Theorem (5.1.6), we have
2.9 l 2|1 2
T+§(b T—-6b')| o :gﬁ [—26 — (13+90b°)B 7] . (5.1.12)
While o is an irreducible polynomial in y', equation (5.1.12) yields
2 2 m
T+§(b T—b,0M) =0, (5.1.13)

2 1
§6+§(13+90b2)ﬁr:0, (5.1.14)

From equation (5.1.14), we obtain
1
9:—5(134—90192)[%. (5.1.15)
Contracting the first condition of Theorem (5.1.6) by y/, we have

1
500 = —g(ebz—ﬁblel).

103



Using the condition sgo = O in the above equation, we have
(0b* — Bb;6") = 0.
Using equations (5.1.15) and (5.1.16) in equation (5.1.13), we have
7=0
Now substituting the above value of 7 = 0 in equation (5.1.15), we get
0 =0.
Thus the first, second, and third conditions of Theorem (5.1.6) reduce to
s5ij=0, Gﬂx =0, rgo=0.
As sgp = roo = 0, equations (5.1.7) and (5.1.8) simplify to
P=0 and Q'=0.
Thus, using equations (5.1.17) and (5.1.18) in equation (5.1.6), we get
G =0.

This completes the proof.

(5.1.16)

(5.1.17)

(5.1.18)

]

Theorem 5.1.8. Consider a non-Riemannian cubic (o, 3)-metric F on an n-dimensional

manifold M, where n > 3. If F is locally dually flat and admits isotropic S-curvature

S = (n+1)cF, where ¢ = c(x) is a scalar function, then F is locally Minkowskian.

Proof. From Theorems (5.1.6) and (5.1.7), it follows that the cubic (a, 8)-metric is dually

flat and projectively flat in any adapted coordinate system, respectively. Furthermore, by
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Lemma (5.1.3), we deduce that

Fy =CFFy.

. , 1
The spray coefficients G' = Py' can be expressed as P = ECF . By Theorem (5.1.7), if
G' = 0, then P = 0, and hence C = 0. This means that F4 = 0. Thus, the cubic (a, f3)-

metric is a locally Minkowskian metric in the adapted coordinate system. O]

5.2 Characterization of Locally Dually Flat Exponential

(o, B)-Metric

In this section, we investigate the exponential (a,f)-metric given by (1.4.6), which is

locally dually flat and possesses isotropic S-curvature. We present the following results.

Theorem 5.2.1. The necessary and sufficient conditions for an exponential (o, 3 )-metric

to be locally dually flat on an n-dimensional manifold (n > 3) are as follows:

1. si0=z(BO — 6b));

—56—1596°)tB2;

1
3
2
2. I’O()Zg

22 NP
9[3+{1’+3(br le)]a +12(

53
3. Gy =120 +71B)y' + 1 (0"t )a® + §Tﬁ2bl.
Proof. For the Finsler metric F' = Oceg + Be%f, we cobtain ky = 3,ky = —4,k3z = % and

¢:es+sefs,

/! __ s —s -5
O =e +e " —se
" i\ — —
0" =¢" —2e " +se”,

i \ — —
0" =€ +3e " —se?,

2% 4725 —4se 25 4 25208

I1
625 _ SeZs +S+S3€_25

Y
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I1(0) =3, IT'(0)=-8, II"(0)=64, II"(0)=-210.

eS+e S —se "

0= —,
¢S — se’ + s2e=S

(&' —2¢* +se7%) (e +se*)

/ _
¢ (5 —ses+52e75)? ’
o' — N1+ N,
(5 —ses 4 52e5)3’
A
m A
Q - B,
where,
Ni = (¢° —se* +5%e*)(2e* +2 —2¢ X 4 6s¢ > — 257 %),
Ny =2s(e® —2e* +se*) (623 425—2—2se B4 szefzs),
and,

A= (6€3S —8¢° + 185 — 60se " — 6se’ +465%¢ 5 —8s7e 5 + 8s%e*

+12se 3 — 245273 + 6s3e_3s) X

—3(—se® +2se 5 —se™) (263s +2¢’ —2e 7 + 16se”* — 10sée’

—225%¢ 4+ 857" 4 85%¢’ + 657 253 — 4s3e_3s) ,
B = (&' —se’ +s5%e %)%
0(0)=2, Q(0)=-1, Q"(0)=2, Q"(0)=10.

Utilizing the aforementioned values, Theorem (5.1.2) yields
I 123 " 2] " I
sl —kas?)(990' = 50" —509") = (6" +99") + k19 (9 —50)| #0and T =0,

To conclude the claim, we replace ki, k;, and k3 in Theorem (5.1.2).
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Corollary (5.1.4) states that the exponential (¢, B)-metric satisfies the criterion

s(kay —k3s?) (99" —s(9")> —509”) — ((9")>+ 09") +k19(9p —s59¢") # 0.

We have
1
L. s;0= §(391 —0b)),
2 2
2. ryp = geﬁ — §@,bloﬂ,

3. Gl =1(20)y.

Thus, F is locally dually flat for the exponential (¢, )-metric. Now, let ¢ = ¢(s) be a

positive C* function defined on (—bg, by). For any b € [0, by, let

(5.2.1)

"
Y

® = —(Q Q) (nA+1+50) — (B> —5*)(1+50)Q

e +e f—se

¢S — se’ + s2e=S

where A = 1450 + (b* — sz)Q/. Now, using the values of Q = and Q =
(&' —2¢*+se %) (e +se*)

(€5 — ses + s2e=5)2

in the above equation, we have

A= —.
ko

Where,
ki = (e —se* +5%e5) +s(e’ +e 5 —se7%) x (& —se’ +5%e™) + (b* — %) (e* +25 — 2 —
2se B 4527, ko= (ef —se’ +s%e¥)2.

Eliminating 1 +sQ from A= 1450+ (b2 — sz)Q’ and equation (5.2.1), we have

"

®=—(0—50)(n+ DA+ (B —sH{(Q—s0)0 — (1+50)Q'}. (52.2)

Theorem 5.2.2. If F non-Randers type exponential (o, 3 )-metric on n-dimensional mani-
fold M (n > 3) and locally dually flat with isotropic S curvatures S = (n+ 1)cF, then F is

locally projectively flat in adapted coordinate system and G' = 0.
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Proof. Let G' = G'(x,y) and G, = Gi,(x,y) denote the spray coefficients of F and «,

respectively, with respect to the same coordinate system. By definition [118], we have

G =G+ Py + 0, (5.2.3)
where
P=0o"'®—=20asy + ro, (5.2.4)
Q' = aQsh +¥ — 2000 + roob’ (5.2.5)
00 —s(99" +9'¢)

° 7 2000 50)+ 2~ 2)9")

B e¥ + 143522 —25e* — 257 %
— 2(es +se ) { (e — ses +s2e5) + (b2 — s2) (e —2e 5 +se5)}

‘P B 1 ¢//

2(¢—s9")+ (> —s2)9"
_ l{ e’ —2e S+se”* }
) (ef—ses+s2e5)+(b2—s2)(eS—2e S +se5) [

Initially, we assume that case (i) of Theorem (5.1.5) holds. Remarkably, using the expo-

nential (¢, 3)-metric, we have

Where,
ri=(1—s+s2e2)+s(1+e 2 —se2)(1 —s+5%e2) 4 (b> — 5?) (1 + 2572 — 272 —
2se ™ £ 5%e™H), ry= (1 —s+s%e %),
Expanding the exponential (o, )-metric in series form and choosing the first term, we
obtain that (1 — s+ s%)?A is a polynomial of degree four with respect to s. On the other
hand, we have

(145 —s>+3s% —2s* +-b?(s*> — 1))?

OA% — et , (5.2.6)

If case (ii) of Theorem (5.1.5) applies, then substituting the aforementioned value of ¢A?
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in equation (5.1.2), we have
(1—s+s)*B* —s2)® = —2(n+ ko (1 +5—s>+35° —25* +b*(s* — 1))%. (5.2.7)

It implies that (1 — s +s?)*(b?> — s?)® is not a polynomial in s (if k = 0, the Cartan torsion

equation leads to a contradiction). Hence, equation (5.2.6) can be rewritten as:

A

N=
¢ (1—s+s52)%

where
A=¢(1+s—54+35° =257+ (s> —1))°.

Since the metric F is a non-Randers types and A is not a polynomial in s, then (1 —s+

52)*(b? — 5%)® is not a polynomial in s. Now, using the value of

0— e+ef—se* 0 — (e° —2e " +se ") (e’ +se7)
- o (es —se’ _i_SZefs)Z

eS — se’ +s2e=s’ ’

y (& —sef+s57e ) (2 +2 -2 4 65 — 257 )
o (es_ses+s2€—s)3
2s5(e5 —2e 5 45675 (€2 +25 — 2 — 257> 4 5%
(€5 — ses + s2e75)3

Q

b

in equation (5.2.2), we have

(n4+1)(1+s—5>+35> = 25* +b2(s> — 1) —s(s? — 1)) x (1 —s +52)?

= —
(1 —s+s2)*

(5.2.8)

According to equations (5.2.7) and (5.2.8), the expression (b*> — s2)(1 —2s)*® is a polyno-
mial of degree 8 and 11 with respect to s, respectively. From equation (5.2.8), the coeffi-
cient of s'! is never zero, hence ® # 0. Therefore, we conclude that equation (5.1.2) is not

viable. Thus, case (ii) of Theorem (5.1.5) holds. So, we have

roo :O,S,'j =0.
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Using rgp = 0 in the second condition of Theorem (5.2.1), we have

2 —1 56+ 159b>
[’H §(b%— Glbl)} o <P {—29 + (%)ﬁr

Although o is an irreducible polynomial in y', equation (5.2.9) yields

2
T+ §(b% — b, 0™) =0,

-2 56 + 159b>
—0 + (+T

3 )BTt =0.

From equation (5.2.11), we obtain the value of 6 as follows:

156+ 159
6 = E(T)BT'

Contracting the first condition of Theorem (5.2.1) by y/, we have
L) I
S00 = —§(Gb — Bb,6%).
Assuming sop = 0 in the above equation, we obtain
(0b* — Bb;6") = 0.

Substituting equations (5.2.12) and (5.2.13) into equation (5.2.10), we get

T=0.
Substituting the above value of T = 0 into equation (5.2.12), we get

0 =0.

The first, second, and third conditions of Theorem (5.2.1) reduce to

SijZO, Gixzo, r()():O.
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Since sgp = rop = 0, equations (5.2.4) and (5.2.5) simplify to

P=0 and Q' =0. (5.2.15)

By applying equations (5.2.14) and (5.2.15) to equation (5.2.3), we obtain
G'=0.

This completes the proof. U

Theorem 5.2.3. If F is a non-Riemannian exponential (@, 3)-metric on an n-dimensional
manifold M (n > 3) and locally dually flat with isotropic S-curvature, then S = (n+ 1)cF

if and only if F is locally Minkowskian.

Proof. The exponential (¢, B)-metric is dually flat and projectively flat in any adapted
coordinate system, as shown in Theorems (5.2.1) and (5.2.2). Based on Lemma (5.1.3), we
deduce

Fux= CFFyk.

By Theorem (5.2.2), G'=0=C =0, i.e., Fu = 0, thus the exponential (¢, B)-metric is

locally Minkowskian in the adapted coordinate system. ]
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CHAPTER 6

A New Class of Finsler Metrics

This chapter demonstrates how to construct a new type of Finsler metric that is not always
an (a, f)-metric. The metric mentioned above is determined by a Riemannian metric and
two 1-forms, B = b;(x)y’ and v = d;(x)y'. We also obtain a variety of significant geometric

results when employing this type of Finsler metric.

6.1 Introduction

Chern [40] described Finsler geometry as an extension of Riemannian geometry that re-
laxes the restriction of quadratic dependence on directional variables. This generaliza-
tion offers greater flexibility in defining both distance and curvature, thereby establishing
Finsler geometry as a powerful and versatile framework within differential geometry. This
capacity to model spaces where geometric properties vary with direction has rendered it
an increasingly valuable tool in both theoretical and applied fields. Spanning fields from
general relativity to biology and information theory, Finsler geometry provides a unified
approach to describing anisotropic and direction-dependent phenomena. Although the field
has seen significant advancements in recent decades, many foundational questions remain
unresolved and continue to attract active research. This ongoing development underscores
the richness of the field and its vast potential for future exploration.

In 2021, Rajabi and Sadeghzadeh [106] proposed a novel class of Finsler metrics, which
are characterized by a Finsler metric F and a 1-form metric ¥ = ¥y’ on a n-dimensional
manifold. This new class is defined by the functional form F = Fy/(5), where § = %,
l|7]|F < go and w(3) represents a positive C* function on (—go, go) [118]. In their research,

the authors investigated the Cartan connection associated with these metrics, established

projectivity criteria, and derived several new classes of Douglas metrics from this class.
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The new Finsler metrics are expressed in the following form:
F=F¢(s), (6.1.1)

where s = g, B = bi(x)y', ||BllF < bo, ¢(s) is a positive C* function on (—bg,b), and F
is a Finsler metric. These metrics, which we call (F, )-metrics, are not merely restricted
to (o, B)-metrics, even when F is itself an (¢, B)-metric; they also broaden and extend the
overall class of Finsler metrics.

The concept of an h-vector b;, which depends on the coordinates x' and the directional

variables y’, was first presented by Izumi [60] in 1980. It satisfies the following condition:
F Clhjbh = phi o

where Cflj are components of the Cartan tensor. The components of the angular metric
tensor are denoted by 4;;, and p denotes a non-zero scalar function. By establishing a
fundamental relationship among the angular metric tensor, the h-vector, and the Cartan
connection, this equation yields significant insight into the conformal structure of Finsler

spaces.

In the present work, we investigate a new class of Finsler metrics defined by the expression:

F? 1

F = =F
F+B 148

=F¢(s);

where ¢ (s) = l%rs, s = % To explore the geometric significance of this metric, we consider

the special case where F = o + 7 is a Randers metric, with & a Riemannian metric and

y = d;(x)y’ is a 1-form on the manifold M the expression for F's becomes:

2 A2
N CES (R
a+y+B 1+5+s

— B g— 1
where s = o and § = | #s.

Hence, £ = ay(s,5) defines a Finsler metric that does not belong to the standard (a, 8)-

113



type. In contrast, if one adds a 1-form to the metric, asin F = F + 8 = ot + B + 7, the result
is a Randers metric. This distinction highlights that the new class of metrics introduced here
generally lies outside the realm of (a, 8)-metrics, even though the original metric F may
belong to that class. In this work, we focus on the metric ' = Fy/(s), constructed by means
of an h-vector, and establish conditions under which this metric becomes projectively flat
(Theorem 6.1.1). Furthermore, in Theorem (6.1.3), we derive the conditions under which

F becomes a Douglas metric. The main results of this work are summarized as follows:

Theorem 6.1.1. An (F,)-metric of the form F = (ot + )¢ (s), is projectively flat if and

only if the following condition is satisfied:

o

( 25— e O idr
{1258} (an-+ 22 1 1)

2(bi—s(2+d;)) ((14+25—p)roo+2(0+7Y)s0)

(1492 ((1425—p) (1+9) +2(02—57) ) -

Corollary 6.1.2. Let F = /A, with m > 3, be an m-th root Finsler metric defined on an
open subset U C R", where A is a totally symmetric irreducible function. Consider the

Matsumoto type (F, B)-metric given by:

F=F L)
<1+§

with B = b;(x)y'. Then F is locally projectively flat if and only if the following condition
holds:

D (1425 p)(1+5) +2(07 — ) (1+29)]

VoA s [(14 25— p)(1++8) +2(b% —52)) (1+25)]

2
(Agi —Ay)A =i — 2

1+ (1425 =p)(1+5) +2(b* —5%)) si0

L 2(1425) (bi—s(X+di))roo

Am+ (1+S)5 :0

_2S0 <bl — S(% +d,)>
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Theorem 6.1.3. Let (M, F) be a Douglas space. A Matsumoto type (F,B)-metric

F=(@+o(}).

where b; is the h-vector, is Douglas if and only if the following conditions hold:

(i —(a+7) i i
H’Z(m (s = st

{(1+2s—p)roo+2(0‘+7)50} (6.1.3)
A(1+s)3(1+25—p)

X {b, — (% +d,> } (b'y/ —bly').

6.2 Preliminaries

Consider the Finsler manifold (M, F). The associated spray is a global vector field G that
is naturally induced on the slit tangent bundle TMy = TM \ {0} by the Finsler metric F.

The projection of an integral curve of the spray G onto the base manifold M yields a
geodesic on the Finsler manifold (M, F). For a fixed point x € M, let F; := F |13 denote the
restriction of the Finsler metric F' to the tangent space at x. To capture the non-Euclidean
aspect of the geometry at this point, we define the Cartan torsion at y € T,M \ {0} as the

trilinear map:
Cy: Tem @Tem @ T — R,
given by [118]
Cy(u,v,w) := %% [gy+ow (V)] =0, u, v,w € TM.

The collection C := {C, },erm, is called the Cartan torsion of the Finsler manifold. A well-
known result states that C = 0 if and only if the Finsler metric F' is Riemannian.

The Cartan connection on a Finsler manifold M is denoted by CT" = (F;k,N ;,C}k), where
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the connection coefficients are defined as follows:

i 1, 08 Sew %8\ 8 ._ 9 _am d i _ . Nivi— o
Ui =28 {5xk+5xf S [+ 55 = a0 — Vi gy Nj = 9;G Njy! = 2G".

d; and J; represent partial derivatives with respect to the base coordinates x' and direction
coordinates y', respectively.
The Cartan connection induces horizontal and vertical covariant derivatives of a tensor field

X ]‘ as follows:

X = % +XITE = XTI, Xi = X+ XICl — X[CT
For the Cartan connection, we have g;;; = 0 and g;;x = 0. According to the Cartan con-
nection, the h-vector b; is vertically covariant constant (v-covariant constant) and satisfies
the relation F Cf‘jbh = ph;j, where p is a non-zero scalar function, Cf’j = g’”hC,- jm» and h;;
are components of the angular metric tensor [106]. The following conditions are satisfied
if b is an h-vector: (i) bi;j = 0, (i) FC}'b, = phij. Let ¢" = g"/C}' [106]. Thus, we obtain:

F
n—1

p=—chp, (6.2.1)

P
Ajbi = hij. (6.2.2)

6.3 Matsumoto type (F, 3 )-metrics

In this chapter, we employ the following notations: /; := aiF ,ij = aiajF i = 3,-9 jakF .
Let b; be an h-vector in the Finsler space (M, F) such that h;;y/ = 0. Furthermore, we
have 9,~B = b;. Throughout this chapter, contracting any indexed quantity with y/ will be
denoted by replacing the free index j with 0. For instance, b;o denotes b jyj .

The following relations are obtained by using (6.2.2), the above notation, and the essential
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fact that [;; ; = 0 and /[; 3, = 0.

lj

ajb,‘ = bi|j + pN;lir + b,Ffj, (6.3.1)
8jl,~ = N;li,- + lrl"fj, (6.3.2)
aklij :nglijr‘l‘lrjrfk‘i‘lir ;'k' (6.3.3)

Given (6.3.1) and the knowledge that dF = [,N], for s = IE,, we have

. 1 1
a,'S = Fmi, 8,~s = F(boh’ + mrN[), (634)

where m; := b; — sl;. The following results are obtained from equations (6.3.1) and (6.3.2):

. 1
dm; = (p — )i — kalu

1 1
8kmi = bi|k + (p — S)lirN]: — FmrN,:l, —i—mrFSk — Fb()\kli' (635)

Using equations (6.3.4) and (6.3.5), and differentiating (6.1.1) with respect to yi, yj , and

y", it can be shown that

= 1is<%+di>—ﬁ<bi—<%+di)s), (6.3.6)
l_ij - (1;;355;;)) (“UO‘;;“U) + <(1+S)32(06+7)) (6.3.7)

(bi = (5 +di)s) (b= (G +4j)9);
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l_l]k (1(41—31)[)) <2a2Ykaij*(Z§aij*aij)3Yk) i (ljf)%ZoiLy)
@k_s 0) (2552 ) ¢ (b ) (055) +
b= (i) (5 ) | = e | (oo +a)

(
(st 1) (s +0) —[<<>>
(
(

bi—

~.

) () (s 40) s 50)
ettt 100

Definition 6.3.1. [106] A Finsler metric F is called (F,B)-metric if it has the following

QI

form FE =F¢(s), s := ﬁ, where F is a Finsler metric and B = b;y' is a I-form on an n-
dimensional manifold M, ¢ (s) is a positive C* function on (—bg,bg) and ||B||r < bo.
In this context, the (F,B)-metric is referred to as a Matsumoto type (F,)-metric with

h-vector when the associated h-vector is represented by the expression b; := b;(x,y).

Lemma 6.3.2. For the Finsler metric F = o+ Y and 1-form B = b;y' with h-vector b; on
manifold M with ||B||r < bo. F = F¢(s) is a Finsler metric if and only if the positive C*

function ¢(s) = li satisfies:

1+2s—p >0 (14+25—p) (1+5)+2(b* —5?)
(145)

>0, (6.3.9)

(14+25—p) (1+s5)+2(b*—s?)
(14s)°

numbers with |s| < b < by and p is given by (6.2.1).

> 0, when n =2, where s = % and b are arbitrary

when n > 3 or

Proof. Since the cases n =2 and n > 3 are identical, the claim is established only for n > 3.
The regularity and positive homogeneity of F can be verified directly. A rigorous convexity

verification is presented in the next section. By direct computation, the fundamental tensor
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is given by g;; = %a,-ajﬁ%

( 2
- 1+2s— P 2dei06 — YI'YJ"}/ Yidj
8ij = (W) <aij+ o3 + p +d;d;

3bb, —1—4 Yi Y;
mrgt () (G ram+Gram)  cao

) ((s(1+ézi)++s;))4(1+s))> ((§+dl-)(§+dj)),

\

Using [Lemma 1.1.1], we derive

) L\ (14+2s—p\" P (1+25—p  2(0*—5?)

Assuming that (6.3.9) is satisfied, we have det(g;;) > 0 using (6.3.9) and (6.3.11). By
setting p = 0, it can be easily shown that Lemma (6.3.2) is satisfied for Matsumoto—type

(F, B)-metrics. O

Corollary 6.3.3. Let M be an n-dimensional manifold. For Finsler metric F = o+ Y and

1-form B = by with ||B||r < bo. F = (at+7) (1+s) is a Matsumoto type Finsler metric if

;425 o

e > 0 (159)

and only if the positive C* function satisfies 1_+s + 0 +

7 + 262 ) <) > 0, when n =2, s and b are arbitrary number.

(1+

The expression for g can be obtained from.

1 +s) T+s +S (1 +s)

1
when n > 3, or >+

(l—l—s

gij:l[gij_ 0 _pibi — —E (14 A (1 + AbT) (6.3.12)

p 145626 14 ay?

Where (g7) = (gij) ! = <aiﬂ,) a'l — (W) (Djyi+Diyj) + <(d;?_;,r)73/)yiyj,

where D) = a’’d,, D' = d"d,, d* = a"d,d;, b* = b;b' = g'/b;bj, and

3(s(1+4s)+p(1+s))— (1 +4s)?

6= (145)(s(14+4s)+p(1+s5))(14+2s—p)’
5 —(1+4s)

~ s(1+4s)+p(1+s)’
= s(1+4s)+p(1+s)

(I+s)(1+25—p)
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—(L+4s)(1+s)(1+25—p) —s(3(s(L+4s) + p(1+5)) — (1 +4s)?)
(145)(s(1+4s)+p(1+s))(1+2s—p)+b2(B(s(1+4s)+p(1+s)) — (1+4s)2)’
—(1+4s)
(1+4s)+p(1+s)
—(1+4s)(1+s)(1+2s—p) —s (3 (s(1+4s) +p(1+5)) — (1 +45)?)
(1+s)(s(1+4s)+p(1+s)) (1 +25s—p)+b>(B(s(1+4s)+p(1+s)) — (1 +4s)?)

—(1+4s)
+b2{s(1—|—4s)—|—p(l+s)}

{ —(1+4s)(1+5)(1+25—p) —s5 (3 (s(1+4s) + p(1+5)) — (1 +45)?) }

A=

(1+s)(s(1+4s)+p(1+s)) (1 +25—p)+b*>(B(s(1+4s)+p(1+s)) — (1 +4s)?)

Differentiating (6.3.10) with respect to y*, the Cartan tensor C; ik is obtained as follows:

! !

Mo
hljk+ F

n

z]k - TICZJH— F

o mm ny, (6.3.13)

where

1
Cijk = P [(Zakjdiaz +dinYk)a3 — 305yk(2yjdi0€2 —YiyjY) + asaikdj — OCS)’i)’kdj] ,

1+2s—p r 2(1+s5)—=3(1+2s—p) ' —12
:W’ n= (1+s)% ’ 0= (1+s)3’
h,-jk:mi[(ajﬁzy"d aa;y’y"y Y k+dd> (2 +d;) (2 +a)
+mj[(aik+2)’kd06a3—)’z)’ky yidk | 4 d) (y& N di) <)§ n dk)}
+my |:(aij+2yjd Otag—yjy,}/ yid +d d) ( +d]> <)§+d,>},

i Yj
andmi:bi—s()é+di>, mj:bj—S(EJ-Fdj), mk:bk—s<%+dk .

N——

By employing the operators (6.3.12) and (6.3.13), we can derive the following result:

/

Cly=Cl+ 2thl]k + 2nFm mjmy — 2nF {( 20m +1' (b7 = 5%))hjx+
(6.3.14)

(20 +mo(0? _sz))mjmk} { <1+5b2 T 1+uY2> b+ 1+uY21i} '
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Where C}k = gilCijk, hz.k = gilhijk, m' = gi'm;.

We define rig = rijy/, rj = b'rij, ro = rjy!, roo = rijy'y’, sio = sijy’, s; = b'sij, so =
o iy . | . !

Sij, S6 = gl]Sj(). Then 8ksl~j =3 (pjl,-k —piljk), aksi() = jpolik + s;x, where pPi = (9,p and

Po = pry*.

6.4 Spray Coefficients of Matsumoto type (F, 3 )-Metrics

In this section, we compute the spray coefficients for Matsumoto-type (F, B)-metrics. Dif-
ferentiating (6.3.6) with respect to x/ and applying (6.3.2) and the second equations in
(6.3.4) and (6.3.5), we obtain

+ 2

3= s (e () |+

b+ (b = 5% +d)) Ny (b-—s(§+d,-)> (e
[bi|j+(p—s) (W)N’Jr(b —s( r+dr))rgj}.

(6.4.1)

Next, we examine [, ; = 0, which gives 8Jl_ =1 ]r + l_,f{ ;- We first clarify the terms that

ilj =

will be used throughout this research work.
DYy =T —T%, D):=Diy* =N;—N} D' :=Dly/ =2G'-2G". (6.4.2)

Then

o= {(152) (427) e (r-20)

(by—s(X +d,)) <D§+N;>+{]T( +d;) — (1+ls)2

\
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Adding (6.3.6) and (6.3.7) to the above equation, we get

- {(l(ﬁ}f ) () + s (b o( +40)

<m—w%+m»zr+{¢wr+mw7ﬁm

(b —s(+d,)) pDy, {( 2t ) (“ ) 4 (6.4.3)
)

2 Yy Yr
W(’_ (G +di)) (br =s(G +d) oNj+

{ﬁ%ﬂ%+¢) (sl +m»}m-

It follows from a comparison of (6.4.1) and (6.4.3) that

.

=3 1+25— aiy 02 —aiy f
““Li)zbi‘j - {( J+.s)f) < aa3 ) t (1+s)32(oc+7) (bi —s(% +di)>
(br —s(G +4y) }D;’Jr {ﬁs (& +dr) — e (br —s(%+4,)) }D{j

|~ L (b= s& +a0) boy |

Thus, we have

(6.4.4)

(br — (X +dy)) bDF;— m{(m—s(gmi))
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= (5258 () + o

(b,. — (% +d,-)) (br—s(&+dy)) }D.? - { (lﬁfs?)

(2552) ] (-5 + )

(b~ s(% +dy)) } }D;_ W{ (bi=s+a)
d

by — <bj—s(%+ j)> b0|i}-

Contracting (6.4.4) and (6.4.5) with y/, we obtain

\

( -2 . 14+2s— ai-a—a, 2
= { (359) (2852 + st

(b,-—s(§+d,-)> (by — (% +dr))}D’+2{]L+S

(%"’_dr)_(]_._;s)z (br_s(%"f—dr)) }D;_%

| (bi—s(E+dp).

TP sio = (l(ﬁ‘sgz” ) <a,«,a;— ) + TP
(bi—s(Z+d)) (br—s(% +d,)) }Dr_

2r Y; .
\ m <b1_s(a+d1)) .

Upon taking the difference of (6.4.7) and (6.4.6), it follows that

e o0 = D { T ()~ e (0 s+ ) |

The contraction of (6.4.8) with y’ yields

(ljrls)zroo ZDr{lis(%err) —ﬁ <br_s(§+dr)) }
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To determine the spray coefficients of F, we first prove the following lemma.

Lemma 6.4.1. The system of algebric equations

i {(T52) () + trvramy (b o( + )
(br—s(% +dr)) AT =

(i) { 5% +d) = 5k (b — s +d)) fa =B,

has a unique solution A" for given B and B; satisfying B;y' = 0, which is given by Al =

(a+y)(1+5)* pi (a+7)Bb i | —2(0+Y)B.b'm
“Trn—p B +(1+s) <B+ T(+s)2 )l T ) (T 2s—p)A?

where Bl = g'By, I = g'l; and m' = g''m

Proof. Upon contracting (6.3.7) with &', it follows that

1+2s—p air 02 —ajy 2 ot .
b' {( (1+s5)2 ) < a3 >+ (1+s)3(a+7) (b’ S(a +d’)> (6.4.10)
(br=s(G+d))} = G5 (br—s (G +4d)),
where A := I(J]riss)p + Ell’i;)s ), [

The following is obtained by using (6.4.10) and contracting equation (i) by b'.

b, — d,) |A"=B,b" 6.4.11
o (brs( ) 6411)

In equation (ii), substituting (6.3.6) results in

1
T (G Tdr) AT
When we substitute (6.4.11) into this formula, we obtain

Y’" r__ OC—}-'}’ r
(a—i-d,)A =s5+1 <B—|——M1+s)2B,b). (6.4.12)
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Using the formula l;, = % (gir — Lil,) and substituting (6.3.7) into equation (i), we obtain

. (a+y)(1+s)2 Y, Y; 2
gird” = CEBET B (G4 ) (&4 ) A~ ey

Q@=1(§+dgyv(m-s(g+dg))

The proof is completed by contracting this equation by g'/ and applying (6.4.11) and
(6.4.12).
Now, we can determine the spray coefficients of F.

Using the aforementioned relations and contracting (6.4.7) by b', we get aLer (b, — s(% + dr))

2r00(b2—s2)
(14+s5)3(o+y)

=25
D" = (l+s())2 +

equations in (% +d,)Dr and (b,—s(% +d,))Dr the solution of which, obtained using

The equations (6.4.7) and (6.4.9) form a system of algebraic

Lemma (6.4.1), is given by

i (aty(+s)° (a+7)Bb" ;| —2(a+7)Bb'm
=== B9 (B+70: (1)1 +2s—p)A’
i —2s} 2rgom’ _—r r__ —2s 2rgo (> —s%) : i
where B' = =5 + iiilaryy B = e BV = e (e (any) Since D' =

2G' —2G', we get the following theorem.

Theorem 6.4.2. Let F' be a Matsumoto—type (F, B)-metric with h-vector b;. Then the spray

coefficients of F are given by

S0 i 20y) G 26 (1425 p)reo+2(a+ s}
2G' =2G — 1+2s_p56 + (1+s)3(14(—)%s—l))/l ; (6.4.13)

—(1+4s—p) (14+25—p)roo+2(a+7)s0) \ ;i
+{ (1+s)3(1+2sf(;()))/1 : }l

Corollary 6.4.3. Let F' be a Matsumoto type (F,3)-metric. Then the spray coefficients of

F are given by

i P 2(aty) g (—1—4s)((1+2s)rgo+2(a+7y)so) | 7i
2G' =26~ T, 56+{ (201729 }ll
26 {(1425)roo+2(a+7)s0}

(1435+2b2)(1+2s)

(6.4.14)
_|_
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6.5 Cartan Connection of Matsumoto type (F, )-Metrics

In this section, we compute the Cartan connection coefficients of (F,f)-metrics. Using

(6.3.4) and (6.3.5), we differentiate (6.3.7) with respect to x* and obtain

(

b0|k+

iy = (1(-|l—iss;2p> P (aija;;aij) + (1-|-2s()p(oc2|—7/)
(aija;;aij> _ (lf—ks)z (aija;;aij>
~ (i (e (b" (e di)>

(bs= s +4)) = trrsptarap (b= s+ ) (b= s+ )
big+ (p—5) (airoc;;a,-,-> (6.5.1)

(by—s(X+d,))N]

boe + (br —s(X +d,))

@+ + ey (bi—s(E+4)))
N; = g5 (br =55 +d)) Nf (% + ) + (b, —s(% +4,) T
— Dol (§+d,~> +m<b,-—s(§+d,~)>
(“’f ) N — s (b —s(% +d) N ( +d)

(b —s<%+dr>>r;k asbo (4 +4))

bjx+(p—s)

Using the formula l_ij‘k =0, that is dil;j = l;jNJ + I,;I" + l_irf;k, and applying (6.4.2),

we have Jil;; =

Ljr (Dg+Ng) + 1y (D +T5) + e (D + T, ) . Substituting the values

of I, 1, j and I; jr from (6.3.7) and (6.3.8) into the above equation yields

(

(I+s)
(6o e (2575) (- (3 )
+0)) (252 ) - e
{ s (0)) (-2 40)

.. — 14+2s—p\ (20°Y,a;;—(02aij—aij)3Y; 2(p—s)
e

(6.5.2)

/N
S
QQ
<
2
|~
—
+
/N
=
|
)
/N
QI
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(br—s(k+a,) §+d])+(b]—s(%+d])>

2_
(s (% +a)) (2 +a) }Dﬁ{lﬁi)f( @)
2(b_(y +dr))(b_(J+d )) 1+25—p [ a;r — ir
T (15 (@+7) Dk+{<+1+>2p< @ >+

2bi—s(g+di))(br—s(E+dn) | 1y
(1+s)3(ot+7y)

straieian) |2 - va)

)+ (b= s(2 ) ) (9 ) + (bi—s(%+))
) | ot (-0 40) (3o 40)

(b, — (% +d,)) } _m[(m_s<g+di>) (bj =5 +4))

(% +d,)+ <bi—s(§+di) (by—s(% +d,)) (% +d,-) + (b,- —s(k +d,-))
(b, —s(% +d,) (Z;+dl)i N,:+Fﬁk{ (SR (o)

i =) (o) i (452

| (#r) + s (b= s +dp) (b —s(% +4,) }

/N /TN /N
)
<<
ol R
(98]

The following is obtained by comparing (6.5.1) and (6.5.2) and applying (6.3.3) and the
fact that JF = I,Ny.

.
(142s—p) ( 202Y,a;;—3Y,(a%a;j—a;;) i 2(p—s)
(1+s)? o’

(=) (25520) + o, ( +d)) 65.3)
| () + (s (Ha)) (5 "
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([(0s20) (53 0)) 02 )
(0 () (5520

+<b,~—s<§+di>> (br—s (% +d)) <§+d,-) + (%
(bi=s(L+d;)) (br—s(E+a)) | | D5+

2(br—s(X +dy)) ((bj—s(%erj))
(1+s)3(ot+7y)

z(b,—s(%er,))((b,-—s(%er,»)) L —pulaol—ay)
+ T (at7) = "o T
2(p—s)boy  ( od’aij—a; 2 Y;
ey () we [<b" ~s(+d;)) b

+ (bi—s(g—Fdi)) bj|k 2ol

6

+ (bj —s(% +dj)) (% +di> - mbmk

(bj (3 +dj)>

Contracting (6.5.3) by yX yields

( (14+25—p) <2a2Yra,~j73Yr(O€2aij*aij)) 4 2(p—s)
(1+s)? (

) (b5 (5 +4y))
b

S
Y; Y;
(E]“Fdj) + <a+di)

R ESICE: [ (b5t +a)) (% +4))

(b,._s(g +d,~))

2(by—s(2+d,)) ((bjfs(%ﬂlj))

EDHCEE Di+ | irre
2(br—s(%+d,))((bi—s(§+di)) . —polaia®—a)
+ (EDECESY D= st =t

2(p—s)roo azaij_aij + 2
(s ety o (I+s
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Y; : 7
[ (bj —s(Z +dj)> bijp+ (bi —s(k +di)> bjO] - —(1+S)23(03+7)2

(bi=s(E+d)) (Z+d;)+ (b —s(Z+dp) (L+d)

R [ (bi—sth+d) (bi—s(2 +d)))

Equation (6.5.4) implies that upon substituting (6.4.5),

{ (ﬁi}f > (a"ao? a") + T <b i~ (g +di)> (6.5.5)
(br — (% +dy)) } D) = Qij,

where,

) .

: " ) <ajra;_ajr>} ~ T e
(bi=s (+a)) (bi—s (& +d5)) (br =5 (5 +a)
e | (s (B +a)) (=5 (F+4)) (5 +a)
§+d,~>> (br—s (% +4d,)) <§+dj> + (§+dl~>

_|_
/=

\@‘ _|_

' N

=} [o8)

~

o+

=
\_/?

5]

S |

T /—\

4+
— QI N
[E—

— +
By A

RI| 3 O
+g B
=
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/

700

Y;
(14+5)3(a+17)? (bi_s(aeri))
<%+df> + <bj_s(g+dj>> <§+di)
3700 Y, v,
| (9ot y)? (bi_s(5+di>) <b1_3<é+dj>>.

From (6.4.7), we have Q; jyi = (. Furthermore, equation (6.4.8) can be written as

1Y, 1 Y, .
{H_s(aerr)—m(br—s(a—l—dr))}Dj—Qj, (6.5.6)

—1
where Q; = m (rjo —s j0)~ The system of algebraic equations, consisting of (6.5.6)

and (6.5.5), the solution of which is given by Lemma (6.4.1), is

i (+7)(1+5)
D=
14+2s—p

(o + Y)erb’) i 2a+ Qb m)

Q;"‘(S‘i'l) (Qj+ A(1+S)2 A(1+s)(1+2s—p)

Where Qj- =g Q, ;- Then by (6.4.2) we have

_. . 1 2 . P +Y)0rjb"
N = Ni4 SR o (54 1)1 (0 + (402 )

A (6.5.7)
. 2(a+7)(Qrjb"m'")
Z(0+s)(I+25—p)
Finally, cyclically permuting the indices i, j, and k in equation (6.5.3) yields
1,;Dly = M, (6.5.8)

where

( My = _% [{ (I(Tissgzp) <2a2Yraij*3;’(5(azaij*aij)) 4 (lfs()%z;ly)
{ =) (55720 4 (- (3 1))
(4552 (s (540)) (4572) | - ot
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/N
—~|7
—|+
I
| |
o
N—

2
20°Y,a— 3(};5( ]k)) + (]fs(goily){(b”_s(%—i—d”)

3 ' /
oo, } . (1+s)4?w)2{ s (Z+d)) (e —s (5 +a))
br—S<%+dr))}—m{@“s(ﬁ*dﬁ)

(be—s (B+ai)) (btd)+ (b—s (L)) (br—s(E+d,)

(L+de)+ (be—s(L+de)) (br—s (L +d) (aﬂ%)}]l)?

(i) (erm=getonman) 4 (5l

(%aé;am) + <b s( -I—d)) (“kra;;akr>

) (setsar) } _ m{ (be—s (% +ar))

br—S(%—i—dr))}—m{G’k—S(%-de))

+di)) (L+d) + (be—s (S +di) ) (b -5 (L +d))
)

L g +<bz~—S(§+di>>(’?r—S(%+d> < +d")}

_2(1-1|—s)2 [ = ‘oc3 — o3 o 063 = )} + <(1+S)3(0‘+Y)>
[ <b] s(% —l—dj)> Fig + (b,- —s(% +di)> S ji <bk —s(% —f—dk)) Sji]
i

(

]

i o (425 )+ oy (452 ) — by () |
%[”O\k (b= '+d)) (bj—s(2+4; )>+b0‘ (be—s(% +ap))
( > (bk sk 4, >]
(et {bmk{( >( &)+ (by-s%+a)
) o (01~ )(a" ) (s +an) (2 +ar))
bi—s(%+ )( +dk) (b s )<a+d,~>}].




Furthermore, by (6.5.4) we obtain M jikyj = 0. Additionally, equation (6.4.4) can be written

as
[,D}, = My, (6.5.9)
1| araepaeeon | 2(bstEd)) (bsCrd)
where Mix = e =20 Gte T (1+s>*<a+y> D
—D; (lJrZS—P)ark(cxz—l)Jr 2(br—s(g+dv) )(bk s( +dk) |
2 (1+s)2a? (1+s)‘(oc+y) (1+s)3(a+y)

(bi — s(% + di)) boj + (bk — s(% + dk)> boji } Using Lemma (6.4.1) with equations (6.5.8)
and (6.5.9) implies that

. 1 + - ikb”
Diy = AT M+ (54 1)1 (M T

((X+’)/) r/kbr
T A(+2s—p)(1+s)

Where, M;,( = g"Q, k- Then by (6.4.2) we get

14+2s—p 1+s)2
(OC+)/) rjkb m
T A(0+2s—p)(1+s)

A (o+7)(1+5)* i (o+y)M, jub”
[ =Tyt (S5 Mt 04 ) (Ma+ 5578585 (6.5.10)

Theorem 6.5.1. Let CT = (f;k,N;,C_';k) be the Cartan connection for the Finsler space

(M,F). Thus, the Cartan connection is completely determined by equations (6.3.14),

(6.5.7), and (6.5.10).

6.6 Proof of Theorem 6.1.1

Let F and F be projectively related, that is, G — G’ = Py', where G’ and G’ are the geodesic
spray coefficients of £ and F, respectively, and P = P(x,y) is a scalar function on the slit

tangent bundle 7'M, [106]. Equation (6.4.2) implies that D = 2Pyi . Substituting this into

132



(6.4.13) yields

i —2(a+y)st (—1—=4s+p){(1+25—p)roo+2(a+7)so} | 7i
2Py - 1+2s7p0+[ (1+s)3(1+2s—0[()))7t : ! (661)
26 ((1+25—p)roo+2(a+7)so)

(1+s)3(1+2s—p)A ’

_|_

Contracting (6.6.1) by y; = g;jy/ and using the facts that shy; = 0 and I'y; = F, we obtain
—[(1+2s—p)roo +2( + ¥)s0]
2(a+y)A(1+5)3
2G' + D' = 2Py'. Using the same calculations as above, by (6.4.13) we obtain

. ¥:dio2 —YYy  Yid; Y; Y;
GJ{(“ij‘f‘ v L j+didj)_(_l+di) <_j+dj)
(04 (04 (04 (04

(@+7)sio [ (1+2s—p)roo+2(a+7)s0 Y, B
C142s—p { A(1+sP3(1+2s—p) K”i‘s<a+df>)—0'

P = . Now, suppose F is projectively flat, then 2G' =

Next, substituting (6.1.2) into (6.4.13) gives

(
G -G+ (—(a+y)sr0 L (1425 = p)roo +2(0+1)s0 (br_s(%+dr>)>gri

14+2s—p A(1+5)3(14+25—p)
li
—m[(1+zs—P)roo+2(a+?’)So]
. 2Yid.a> —YY,y Yid, Y, Y; o
< :G’—{<arj+ ol i g +djd,>—(—+dr) (—’+d,-) }g”GJ
o o o o
li
—m[(1+2s—l3)roo+2(a+?’)so]
i (Yya) o - (14 25— p)rot2(a+p)so] | = Py
\ = a ¢ 2A(1+5)? P)roo Y)so| | =LYy

Thus, the proof is established.

6.6.1 Proof of Corollary 6.1.2

We note that for m-root Finsler metrics we have [106]:

0A 0%A d0A

Aoy W Gyiay M o

AO :Axiyi, AOl :Axrylyr, (662)
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and 2G' = A" (Ao, — Ayr). Also, it is not hard to get A; = mA'~my;, and AT = (mA!~ay") =

mA (5{ +(m—2) (% + di> lr) . Then after some calculations we have [106]

V. d;io> —YY:y  Yid; Y: Y; ,
(e P ) (04) ()
(04 o o (04

LY
= mA" <Ao,- —Ay—(m—1)AAm (5’ +d,~>) . (6.6.3)

Combining the preceding equations with (6.1.2) shows that
1—4 -2 1
—m(m—1)Agy;A' " +m(Ag; — A )A T 4 25;0Am = 0.

The preceding equation yields A,; = 0 and s;; = 0 for m # 5. For m =5, the same result

can be obtained by separating the rational and irrational parts of the equation.

Lemma 6.6.1. Let F = Y/A (m > 2,m # 5) be an m-th root Finsler metric on an open
subset U C R" [106]. Suppose that the equation l//Al_% + QA= + @A =0 holds,

where y, Q, and ® are homogeneous polynomials iny. Then y = Q =0 = 0.

6.6.2 Proof of Theorem 6.1.3

From (6.4.13), we obtain G'y/ — Gy’ = G'y/ — G/y' + H'J, where

Hij — <—(a+y)> <S6 i — séyi> " [(1+2s—p)roo+2(a+y)s<>]

A(1+s5)3(14+2s—p)
{br—s(X+d,)} (by/ —bly').

In view of the above definition, if F and F are Douglas metrics, then H/ is a homogeneous
polynomial of degree three in y. This theorem enables us to obtain several new Douglas

metrics from a single one.
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CHAPTER 7

Curvatures on Homogeneous Finsler Space with Finsler

Metrics

The present chapter examines the curvature characteristics of homogeneous Finsler spaces
admitting the exponential (@, f)-metric defined as (1.4.6). An explicit closed-form ex-
pression for the S-curvature is established within the framework of homogeneous Finsler
spaces with exponential (@, 8)-metric. Moreover, by exploiting the structural relationship
between S-curvature and average Berwald curvature, a complete characterization of the av-
erage Berwald curvature is obtained for homogeneous Finsler spaces admitting exponential

(a, B)-metric as given in (1.4.6).

7.1 S-curvature Homogeneous Exponential (¢, 3)-Metric

Definition 7.1.1. The Busemann-Hausdroff volume form, dVpy = oy (x)dx is defined as

[38]:

B Vol(B")
" Vol{(y') € R*[F (x,ylel) < 1)}’

OBH

The Holmes-Thompson volume form, dVyr = oyt (x)dx is defined as:

1

=— det(gij)dy.
VolB" /{yieR”|F(x,yiei)<l} (gl]) Y

OHT (x)

Both volume forms coincide in the case of Riemannian metric, i.e., dVpy = dVyr = /detg;;(x)dx.

Definition 7.1.2. A Finsler space (G/H,F) is characterized as having nearly isotropic S-
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curvature if there exists a smooth function d(x) defined on M and a closed 1-form 1 that

fulfill the following conditions [46]:
S(xy)=m+1)dx)F(y)+n(y)), x€ G/H, ye M.

Ifn(y) =0, then (G/H,F) is said to have isotropic S-curvature.

And if n(y) = 0, c(x) = constant, then (G/H,F) is said to have constant S-curvature

[157].

In 2009, Shen and Cheng [38] derived the formula for the S-curvature of an («, f3)-metric

within a local coordinate system, as follows:

S= (21[/—%) (ro—{-SO)—(X_I%(Foo—zOCQSo), (7.1.1)

where,
Q:¢i¢—?7 W:%y Azl—f-LtQ—f—(bz—uz)Q’7
® = (uQ' — Q) (1 +nA+uQ) — (b* — u?)(1 +uQ)Q".

Here, (D) appearing in equation (7.1.1) is defined as

o sin™2tdt
2t

ifdV =dVgy,

o sin"” p

fb) = O ¢ (bcost) !

[ (sin=2t)T (bcost )dt
Jo (sin"=2t)dt

ifdV = dVyr.

\

Here, dVgy and dVyr denote the Busemann—Hausdorff volume form and the Holmes—
Thompson volume form, respectively, as defined in Definition (7.1.1). Furthermore, when

the Riemannian length b is constant, the sum ry + 5o vanishes, and equation (7.1.1) reduces
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to

4 P
S=u«a lm(roo—ZOCQSO).

We now recall the formula for the S-curvature in a homogeneous Finsler space, as estab-

lished in [118].

Theorem 7.1.3. Let F = a9 (u) be a G-invariant (o, 3)-metric on the reductive homoge-
neous Finsler space G/H, where the Lie algebra g has a decomposition g =@ m. Then
the S-curvature is given by

S(H,y) (< [v,Ylm,y > +aQ < [v,y|m,v>), (7.1.2)

~ 20A2

where v € m corresponds to the 1-form B, and wm is identified with the tangent space
Tu(G/H) at the point H of the homogeneous Finsler space G/H.
By applying Theorem (7.1.3), we obtain the S-curvature formula for the homogeneous ex-

ponential (o, B)-metric.

Theorem 7.1.4. Consider a reductive homogeneous Finsler space G/H, where the Lie
algebra decomposes as g =h®dm. Let F = aeb/o 4 ﬁe‘ﬁ /% be a G-invariant exponential

(a, B)-metric on G/H. Then the S-curvature of F is given by

< Wylm,y> e'+e " —ue

= o et — ue' + ueu

(<hﬂmv>0. (7.1.3)

Where,

&1= [{ (Que™ —3ule ™ +2uwe M — ™ — 1)
X (2 = 2ue™ 4 uPeP 4 2% — 2 +ut e
+n (ezu e L 2y AyPe M —yte 2
+ 02+ 2u— 2~ 2ue e ™)) }

— [(bz(e” +ue™) —ute —ude ™)
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x (263 42" —2e 7" 4 16ue ™ — 16u*e ™ — 10ue"

—6ule M+ 8ule " 4 8uet + buteH — 2u3e_3”)]} ,

& =2(e* —2ue™ +2u+dwde ™ —2ute " + b* (M +2u—2 —2ue” ' + uzefz"))2 .

Proof. To compute the S-curvature of a G-invariant exponential (a,f)-metric on a re-
ductive homogeneous Finsler space G/H, we first determine the parameters required in
Theorem (7.1.3).

Recall from [118] that

( /

_ 9
Q—¢—S¢/,
] A=1+uQ+ (B —u?)Q

| 0= (0-uQ) (1 4+nA+u0)~ (B —P)(1+u0)C"

We now compute these parameters for the exponential (o, )-metric.

( 0 et +e " —ye
oM —yet 4 ule’ )
;e 42— 2 —Due 4 yPe 2

et — ue' + uleu ’
1 A

L Ay

where,
Ay = (" —ue" +ue ) (202 42— 2e M +6ue " —2uPe ™)+ 2u(e" —2e " +ue ") (e* +
2u—2—2ue 2+ uze_zu),

Ay = (" —ue" + uze_”)3,

1
® — (o] | (W 20 2 2 ) (e e e e -

ue' +ute )} x {(e" —ue" +ure )2 + 1 ((e" —ue" +ute ) > +u(e" +e " —ue ") (e —
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ue' +ute ™)+ (b* — u?) x (e +2u—2 —2ue > +ute ")) fu(e" +e " —ue ")

(¢" — ue" +ute™) }] — [(* —u?){(e" —ue" +u*e™) +u(e" + e —ue )} (" — ue" +
u?e ) (2e* +2—2e 2 +6ue M —2ute ) 4 2u(e" —2e " +ue ") (e +2u—2 —2ue" 2 +
ure ")} }

Substituting these values into equation (7.1.1), we obtain

St (<[Ymy> e +e"—ue"
S(H,y) = 5 . et Lo (< Wymv>) ). (7.1.4)

Where,

&= [{ (Que™ —3ute ™ +2uwe M — ™ — 1)
% (24— 2ue™ P + 2% — 2 + ut e
+1n (e2” — 22 4 2u+ AP e — 2yt
+ D% (e 4+ 2u—2 —2ue ' + uzefz"))) }
— [(bz(e” +ue ™) —ute" —ude™)
X (2¢7 4-2¢" —2e " + 16ue™ — 16u*e ™" — 10ue"

—6ule "+ 8ule " + 8ulet + bute M — 2u3ef3“)ﬂ ,
& =2 (eZ” — 2P £ 2u+ 4P e — 2ute M 4 P (e 4 2u—2 —2ue 2 + uze_zu))2 .
Where v € m corresponds to the 1-form 3, and m is identified with the tangent space

Tu(G/H) at the identity coset H. This completes the proof of Theorem (7.1.4). As an

immediate consequence, we have the following corollary. ]

Corollary 7.1.5. Let (G/H,F) be a homogeneous exponential (a,)-metric under the
same conditions as in Theorem (7.1.4). Then (G/H,F) has isotropic S-curvature if and

only if § = 0.
Proof. Recall from Definition (7.1.2) that if (G/H, F) has isotropic S-curvature, then

S(xy) = (n+1)(dX)F(y)+n()), x€G/H, yeTM.
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For a homogeneous Finsler space, it suffices to compute the S-curvature at the origin, that
is, at x = H and y = v. Substituting x = H and y = v into the S-curvature formula of
Theorem (7.1.4), we obtain d(H) = 0, which implies S(H,y) = 0 for all y € T,M. Hence,

G/H has vanishing S-curvature.

7.2 Mean Berwald Curvature

This section is devoted to computing the mean Berwald curvature of a homogeneous
Finsler space equipped with an exponential (@, )-metric.
We first recall the notion of mean Berwald curvature for Finsler spaces. In [39], the au-

thor introduced the mean Berwald curvature for a Finsler space as follows. Consider
_19%S(x,y) 1 97

YT 9yigyl 2 dyidyl
M x TM — R, defined by

aIG™

( FINT ) (x,y). Consider the symmetric bilinear form E, :
y

Ey(a, b) = El'jaibj,

.0 . d
—ad— b=p—
where a = a 8yi’b b Iy el M, xeM.

Then E-tensor defined as family of symmetric forms {E,} can be seen as [118]:
E={E,:yeTM/{0}},

which is known as E-Curvature or mean Berwald curvature.

Before stating the main result of this section, we establish several key quantities are re-
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quired in the sequel. At the origin,

aij =8 yi=y,
Vi
oy = a,ﬁyi =b;,
_d (B obi—uy;
Ltyi = a_yl e Ta

. 0 ab; — uy;
R A

~ Buyiyj— (biyj+bjyi)or— a’u 3]‘:
\ N o '

Consider Q =

AN KA

u 2u

&= [{(2ue2“ —3ule M 4 P — P — 1)

2u

X (62“ —2ue™ 4+ uPe® +2u* — 2u + ute”
+1n (e — 2t 2u+ due M — 2ute

+ b (e +2u—2 — 2ue " + uze_zu))) }

— [(bz(e“ +ue ") —ute —ude™)

x (23 4-2¢" —2e 7" + 16ue™ — 16u*e ™" — 10ue"
—6ute ™" + 8ule " + 8ute" + bute M — 2u3e_3”)ﬂ ,

& =2(* —2uPe™ +2u+diwde ™ —2ute M + b* (P +2u—2 —2ue ' + uze_zu))2 :

Q K
8_yj = Euyj, (721)
and
’Q K K3
8)}]8)} K2 yjyl + K yjuyt, (722)
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where,

;

K =

{ (4u62” — 6ue 2" 4 12ule 2 — 4u3e*2") {62” —2ue* + u?e® +2u?

—2u3 +ute 2+ (2 — 2uPe + 2u+duPe " — 2ute ™ 4+ b2 (e + 2u
—2—2ue M+ uPe™ ")) } + (2ue —3ute 2 4 2ute 2 — 2 — 1) (—2u62“
+2u”e® 4 du — 6u? +dude™ 2 — 2ute M 41 (262” — 4ue® — Ayt 42+

120224 + 161 e 2" + 4ute ™" + b? (2" 42 — 22 4 6ue™ " — 2u?e™ ")
)) } — { <b2(e” +e " —ue ™)+ (—2ue" — ue —3ule " + u3e_”)> (263”

+2e" —2e U + 16ue " — 16u*e™ — 10ue” — 6ue " + 8ule " + 8ue" + 6u?
e 3 — 2u3e_3”) + (bz(e” +ue™) + (—ule" — u3e_”)> <6e3” —8e' 4 18e™

—60ue "+ 46u’e " + 6ue” — 8ude " + 8utet + 12ue 34 — 24ule 3+

6u3e—3u) }

—2ue M e M) } —4 [<2€2M — 4ue* — dute® + 24 12uPe

+ {62“ —2u?e® + 2u+4ude " — 2ute ™ + b (e + 2u—2

—16ue™" + 4ute™ 4 b?(2e? +2 — 27 4 bue " — 2M2€72M)>
({ (2ue2“ —Bule M 4 P2 g2 1){62” —2ue* + u*e* +2u?
—2ud +ute ™+ m (e — 2ute® + 2u+4uPe™H — 2ute ™ + b?

(62” +2u—2—2ue 2+ uze_zu) )} — ((bz(e“ +ue )+ (—uze”

—ule™))(2e3 +2e" — 2" 4 16ue ™ — 16u*e ™" — 10ue — 6u*e "+

Sule ™" 4 8ue! + 6ule M — 2u3e_3”)> ] :

{ K> = 4{62” — PP 4 2u+duPe M — Qyte 2 4 b2(62” +2u—2—DQue 24 uze_zu) }3
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K= (4e2” + 8ue?™ — 6= + 36ue " — 36ue 2 + Sude24) {ez" —Que*

+ule® +2u — 213 +ute™ £ (e — 2ute® + 2u+dudemH —2utem
b?(e® +2u—2 —2ue 2 + uze_z"))} + (4ue — 6ue™" + 12u?e=2 — 4u?

e ) (—2ue + 2uP e + du — 6u® + 4ude 2 — 2ute 2 4 (20 — due
—4u?e® + 2+ 12u%e 2 — 161 e + 4ut e 4 b*(2e* 4-2 — 272" + bue
—2u?e™)) 4 (2e** + 4ue™ — 6ue ™2 + 12uPe™ 2 — e — 2024 (—2ue® +
2u’e® + 4u — 6u* +4ude M — 2ute " 41 <2e2” — due* — 4t + 24 12u°

e 2 L 16uPe™ 2 +dute 2 b2 (2 +2 — 2e 24 4 bue " — 2u2e_2”) + (2ue*
—3ule M 4 e — e — 1) (=2 +4uPe? -4 — 12u+ 12u”e® — 16uPe ™2
+aute™2) + n(—16ue’™ — 8ue® 4 24e~ 2 +24u%e2" — 16u e — Bute "

+b? (4 +10e™ 2 — 16ue ™" + 4ue™2)) — { (b?(e" —2e " +ue™") + (—2e"

—4ue" —ule" —6ue ™" +6ute ™" —ude ")) (2e3 + 2et — 27" + 16ue ™" — 16u’e "
—10ue — 6u?e™" 4 8ude ™" + 8ule" + 6ule " — 2ude ") + (b* (et + et

—ue ")+ (—2ue" — ute" —3ute " +ute ™)) (6e> +2¢" + 18e 7"

—60ue ™ +22u’e ™ — 10" — 10ue" + 24u*e ™" — Sule ™ + 16ue"

+-8u?e" 4 12ue 3" — 24u?e 3 + 6uPe3) 4 (b (e + e —ue ™)

+(—2ue" — u?e" —3ute " +ude ™)) (6e3 — et + 18" — 60ue 4

46ue™" 4 6ue” — 8ude ™" + 8uet + 12ue 3" — 24uPe ™ + 6ude ") }]
2{62” — 2P 4+ 2u+duPe M — Qyte M 4 b2 (62” +2u—2—2ue
+ute ) } +2 (262” — 4ue®™ — 4ule® + 2+ 12u%e 2 — 16ude ™24

dute™ 4 b* (202 +2 — 272 + bue " — 2uze_2”)) [{ (4ue® — 6ue=

+12u%e 2 — 4P e ) { e — 2ue® 4 uPe 4-2u — 2ud +ute M 1

(e —2ue® +-2u+dude 2 — 2ute 2 4 b* (e +2u —2 — 2ue "

+u?e )} 4 (2ue® — 3ute 2 4 2uPe 2" — 2 — 1) (—2ue® + 2u’ e
i — 612+ dide 2 — e 4 (2@2“ 4 — 42 42 4 12

+16uPe 2 + dute 2 + b2 (2?4 +2 — 2e 2" + bue " — 2142672”) }
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(

- { (b?(e" + e —ue™) + (—2ue" — u?e" —3ute ™" +ule ")) (2>

4264 — e + 16ue™ — 16u%e™ — 10ue — 6ue " + 8ule " + Su?et+
6u’e 3" —2ue3) + (b* (e +ue ™) + (—u*e" — e ")) (6> — 8et
+18¢ % — 60ue ™" + 46ue " + 6ue” — Sude* + 8ule" + 12ue 3

—24uPe 3" 6uPe™ ) }] — | —4(—16ue® — 8u?e 4 24ue~2—

T2ule 2 4 48ude— 2" — ute 2 4 p? (462” +10e 2 — 16ue 21+

4112672”)) <{(2M€2u _ 3M2€72u 4 2143672” _ e2u _ 1) {eZM _ zueZM 4 u262u
+2u? — 2 +ute 2 4 i (e2” — 2P 4 2u+ duBe M — Qyte 2 4 p?

(e +2u—2—2ue " +u*e "))} — ((bz(e“ +ue ™)+ (—ute —ule™))
(2e3 42" —2e 7 + 16ue™" — 16u*e ™" — 10ue" — 6ue ™" + 8ule ™" + 8ue"+

6u’e " — 2u3e3“)) + (262“ — due®™ — 4uPe® + 24+ 12u%e 2" — 16uPe 24+

dute 2 + b (2eP 42— 2e7 2 + bue™H — 2u26_2“)) { ((4ue® — 6ue™" + 12u*e ="

—4ude24) {ezu —2ue* 4 uPe® + 2u® — 2ud + ute M 4+ (e — 2ute 4 2u + 4u?

e 2 —2ute 2 4 b2 ((e* 4+ 2u — 2 — 2ue ' +ute ")) } + (2ue™ — Sute " 4 2u’

e M2 1) ( —2ue® + 2u’ e + du — 6u? + 4ude " — 2ute 2" 4 (2% — due
— 412 42+ 12u%e ™) — 16U e + dute " 4 b? (20 + 2 — 272 + Gue ™M
—2u2e_2“)>) — (bz(e” e " —ue ™) 4 (—2ue" — ute" —3ute " +uPe ") (2e
+2e" —2e 7" + 16ue ™ — 16u’e ™" — 10ue" — 6u*e " + 8ule " + 8ue" + 6u’e "
—2ule ) 4 (b (e +ue ™) + (—ue" —ule ™)) (6> + 2" + 18¢ ™ — 48ue™"

+46u%e™" — 10e" — 10ue" — 12ue™ — SuPe ™" 4 16ue" 4 8u’e" 4 12ue ™" — 24u> e~
+6u’e34) } {4{62” —2u?e® 4 2u+4ude ™ — 2ute ™ 4+ b (e + 2u—2 — 2ue™
+ute ) }3} - [12{e2” —2u?e® + 2u+ e — 2ute™ 2 4+ b? (e +2u —2 — 2ue™
+ule M) }2 (262" —due® — 4ule® + 2+ 12ute 2 — 16uPe ™2 + dute ™ + b% (267 +2
—2e " 4 6ue™ — 2uze_2”)> [{ (4ue® — 6ue™" + 12u?e™2 — 4P e 2) { e — 2ue* +

w2 +2u? —2ud + ute 2 + i (62” — 2P 4 2y +duBe M —ute 2 bz(ezu +2u

—2 —2ue~H fute )} 144



+(2ue™ —3uPe 2 4 2ude ™ — 2 — 1)(—2ue® + 2u* e

i — 612+ dide 2 — e 4 (2@2” — Qe — 4P 42+ 12022+ 16ude 2
+4ute 2 4 b? (2 +2 — 27 4 bue " — 2u2e*2”) } - { (b*(e"+e " —ue ™)

+(—2ue" — u?e —3ute " +ude ")) (23 4 2e* — 2" + 16ue " — 16ue™* — 10ue"
—6ule " 4 8ute ™" + 8ulet + 6ule 3 — 2ute ™) + (b* (e + ue ) + (—uet —ude™"))

(6e3 —8et + 18" — 60ue ™" + 46ue ™" + 6ue" — Sue ™ + Su?e + 12ue™ — 24u’e=3"

+6u3e_3“)}

+ 2{62" —2u?e* 4 2u+4ute M — 2ute ™ 4 b? (e 4 2u — 2 — 2ue "

(262” —due* — 4t +2 + 12ue 2 — 16ule 2 4+ 4ute 2 + b2 (262”

+2 —2e 2" 4 6ue " — 2u2e’2”)> ({ (Que™ —3ule 2 + 2uPe 2 — P — 1)
{62” —2ue? 4+ ute® + 2u® — 2ud 4+ ute 4+ n (e — 2t 4+ 2u+ dude 2 — 2ute 24
b*(e* +2u—2—2ue " +ute "))} — ((bz(e“ +ue™) + (—ule" —ude ™))

(2% 42" — 2e™* + 16ue™ — 16u?e™ — 10ue" — 6u?e™" 4 8ue™

+8ulet + 6ute 31 — 2u3e_3”)> ] :

6
{ Ky = 16{82” —2u?e® + 2u+4ude ™ — 2ute ™ + b2 (e + 2u—2 — 2ue” 2 + ute M) }

Theorem 7.2.1. Let (G/H,F) be a reductive homogeneous Finsler space with Lie alge-

bra decomposition g = Hdm, and let F = aeb/* 4 B e B/% be a G-invariant exponential
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(a, B)-metric on G/H. Then the mean Berwald curvature is given by

E;j(H,y) = % é%’ (2‘ 33 ;22):;) < W ylm,y > +9
(< by > < sl ) = (0 5=k,
—55/ 3%yiyj) <[V ¥lm,y >+ (éﬂj g;y;)

(< Wvilm,y >+ < [, Ym,vi >) + (ég, - %)

(< Wvjlmy >+ < [vY]m,v;>) +%(< [V, vjlm,vi >

et +e " —uye”

+ < [Vavi]M7Vj >)+ (eu_ueu+u2e

e 4 2u—2—Due M4 e
+ (e* — uet + u?e=1)?
M 42— 2 —Que 2 4 P2
( (eu_ueu+u26—u)2
(

M 42y —2 —Que 2 4 e~
(e* — uet + ue=4)?
ette " —ue e 4 2u—2 —Que M 4 e~
+ ( )Qi+( 2 —u\2
(e — ue' 4+ u*e")

(7.2.3)

Juyj + Qi

Aj
)+ Quyjuy Y 1, }< [V, Y]m, v >

)

el —ye' +yZeu
e'+e " —ue
—ue' + ueu
M 4+ 2u—2 —2ue M 4 yPe~ M

(eu — uet + MZefu)Z )l/tyj}

uyiQ o < [V, Vjlm,v > +{

)Q;

+Q(

< [V, vl]mv >

Proof. From Theorem (7.1.3), recall that the S-curvature at the origin given by equation

(7.1.4) is as follows:

61 [ ]m,y > et +e " —pye 4
52 (04 et — ueu+uze—u(< [v7y]mav >) .

Where,

&= [{(Zuez" —3ute M F e — e — 1)

X (eZ” —2ue® + ute™ +2u* — 2P +ute

+1n(e ( — 2P 4 2u+ 4P e M — 2ute
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+ b (e +2u—2 — 2ue™ " + uze_zu))) }
- [(bz(e” +ue ) —ute —ude™)
x (23 4-2¢" —2e ™" + 16ue™ — 16u*e ™" — 10ue"

—6ute ™" + 8ule ™" + 8ute" + bute M — 2u3e_3”)ﬂ ,

&= ( —2uPe® 4 2u+ 4P e — 2ute M + b (P 4+ 2u—2 — 2ue P + uzefzu))2 .

Let Q= ? which gives
2

el +e " —yeH

Q
S(H,y):a<[v,y]m,y>—9 < [ ylm,v> .

e —uet +uZet

et +e—ye

e — yet +ulet

Q
Consider S(H,y) =A+ B, where A = 2 < [V, ¥m,y >, B=Q( ) < [V ¥]m,v >

Now, by definition of mean Berwald curvature

19°S(H 1/ 9%A 9°B
Eij:—(.—’.y):— Z 72 (7.2.4)
2 dyldy dy'dy/  dy'dy/
0%A 0’B
Next, we calculate ——=— and ——— as follows:
8y’c9yl dyidyJ

oA _d 9<[ Iy > ) = 10Q@ Qy, <[] >+9(<[ Tmsy >
1 V,y M;y - Oﬂayl (X2 a V7y ma)’ a V,VJ Why

+< [vvy]mavj >)7

Q
< [v7y]I’I17y > +E (< [Vvvj]l’l’hy > + < [V y]man >)
Qyj)
o (7.2.5)

dyidyl  dy \ady o OC
1

Vi 3Q 1
= <_Ql] (X3Q a_j?)Ql 6] 5ylyj) < [Vay]may > +< 'Q' -

1 Q
(< vilm,y >+ <[, y]msvi >) + (EQ,- - a_y;)

( J°A 8(189 Qyj

\

(< vilmy >+ < [v,¥]m,vj >) +— (< vilm,vi >+ < [vvilm,vj >).

(92
dyidyl’

Now we wish to calculate
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Consider

/

\

.

\

oyl dyl

< [Va)’]mav > +(

0B 8{ (e“—l—e_”—ue_“)<[ ] >}
= v v
e"‘—ue“—l—uze*“2 Ym: ) )
et +e " —ye et +2u—2—2ue M4 yce
{9 s |
et — uet +ure (e* — ue* + ue=4)
e +e % —ye”
el — yet + yleu

u

)Q < [V, vjlm,v >

9’B _ et +e " —ue
dyidyl ] ‘et —uet + uZeu
2u N —2u 2 ,—2u
e +2u—2—2ue M +ue 0
( (e — uet +u?e=4)? )ity
+Qi(

)i+

e 4 2u—2 —Que 4yl
(eu_ueu_FuZefu)Z )u}’j
e 42y —2 —Que 2 4 yle 2

(eu — uet + MZe—u)Z

+ Qi ( )

e +e " —ye”
et — uet 4+ uZet

u

)Q

A
+lelyjl/tyiA—2 < [ ylm,v>+< (

e 4 2u—2—Que M4yl

+( (e 1 e )2 JuyiQ o < [V, v, v >
e t+e " —ye e 42y —2 —Que M 4 yle2u
Q. +0 ;
+{(e”—ue”+u2e_”) /+ ( (e“—ue”—}—uze_”)z )uy]}

< [V, vi]m’v > .

Using equation (7.2.5) and equation (7.2.6), we get

'E(H)1a 10Q Qy; <[yl 5 18
.. = — | — — = < T A v -
i i(H,y AACTIE yYIms Y o
1 Vi Yj
(< Wvilm,y >+ < Wym,v;i>) = (&Qij - $QJ @Qi
Qi 30 Lo
_$5i + ﬁylyj) < [v,y]””y >+ (EQJ B ?
1 Qy;
(< [V,Vi]m,y > + < [V,y]m,vi >)+ (an_ a_);l)

QIO

(< [Vvvj]l’l’hy > + < [V,y]m,Vj >)+ (< [Vvvj]mvvi >

e +e " —yeH
{ )L

+< [V,Vi]m,vj >) + (eu — uet _*_MZe*u
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(P4 2u—2—2ue Mt utem M

e 42U —2 —Que 4 yre—2u 0
( (eu —uet + MZefu)Z )Ltyj + I/tyiyj
M 42y —2 —Que 2 4yt 0 Aq
( (et — uet + u2e4)2 )+ ”y/”yiA—2 <[v,¥lmv >
L (e”—f—e*”—ue*” )Q‘_i_(62”+2u—2—2ue*2”+u2672”)
et — uet + y2e—u’ (e* — uet + ue=4)?2

e +e ! —ue "

et — uet + ute"
€M 4+ 2u—2 — 2ue 2 4 yPe M
(eu — uet + MZefu)Z )I/ly]}

Ui Q o < [V, V], v > +{(

)Q;

+Q(

< [V: Vi]m,v > .
\
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CHAPTER 8

On R-Complex Finsler Space with Special Finsler Metrics

The study of R-complex Finsler spaces represents an important extension of classical
Finsler geometry. In this chapter, we focus on R-complex Finsler spaces endowed with
the cubic (o, 3)-metric. We establish the fundamental metric structure by deriving the
metric tensor fields g;; and g;;, computing their determinants and inverses, and studying

geometric properties that characterize these novel spaces.

8.1 Introduction

The concept of complex Finsler space was introduced by Rizza [109] by generalizing the
homogeneity condition of the fundamental function for complex scalars A with respect to
the fibre variables, and the first example of the complex hyperbolic geometry was intro-
duced by Kobayashi, and that metric function is known as Kobayashi metric which gave an
impulse to the study of complex Finsler geometry. Hermitian metrics on the base manifold,
the locally Minkowski complex metrics, 1-Einstein metrics etc are some interesting exam-
ples of complex Finsler metrics. Furthermore, Munteanu and Purcuru [90] extended the
concept of complex Finsler space and introduced the concept of R-complex Finsler spaces
by restricting the scalars to A € R, i.e., to real scalars. Alda and Munteanu [7] studied R-
complex Finsler spaces for the Finsler (o, 8)-metric and determined the basic fundamental
metric function and properties of Hermitian space with respect to the R-complex Finsler
spaces with (o, B)-metric. Furthermore, some authors ([6], [104], [119], [120], [143],
[147]) have also studied R-complex Finsler spaces with special metrics and obtained inter-

esting geometric properties and various results on R-complex Finsler spaces.
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8.2 Preliminaries

Let us consider a smooth complex manifold M of dimension n and let zX be the local com-
plex co-ordinates in a chart (U,¢) then the complexification of the real tangent bundle
T:M splits into the sum of holomorphic tangent bundle T'M of (1,0)-type vectors and its
conjugate tangent bundle T'M. The bundle T'M is a complex manifold and the local coor-
dinates of the chart u € T'M will be denoted by (2%, n%). Now the change of coordinates in
the respective local charts will be determined by

/

nk= a_zf"j' (8.2.1)

Roughly speaking, the geometry of a complex Finsler space is the study of the geometric
objects of a smooth complex manifold M equipped with the Hermitian metric structure
defined by g;;. Since the complexified tangent bundle of T'Mis decomposed as TC(T/M )=

!/ ! " / ! !/ a
T(TM)®T (T M), anatural local frame for T (T M) is {W’ &—nk}, and it changes
z

according to the rules given below:

90 _ k9 %k ;9 o Ozk
o7k 9zl a7k 8zjazhn on'k’ = a7

on'’~.

. : J . :
From the above, it is clear that the transformation rule of 9% involves second-order partial
Z

derivatives.
A complex nonlinear connection, briefly (c.n.c.), is a supplementary distribution H (T/M )

complementary to the vertical distribution V(T'M) in T (T'M). The vertical distribution
d i d

ax  Neggr

where N,f are the coefficients of the complex nonlinear connection and they satisfy a certain

d / 0
is spanned by 8_nk and an adapted frame in H(T M) is given by 5F =

. 0 : .
transformation rule at (8.2.1), so that S5 transforms like a vector on the base manifold

<
d o d
o0 %= 5 K= o

their conjugates. The dual adapted basis of &, ) are {dzk, dnk =dan* —I—Nj-‘dzj } and

M. Next, we use the abbreviations d, = and d, 9,-(, o; for

{dz*, 7%} for their conjugates.
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We recall that the homogeneity of the metric function of a complex Finsler space [89, 147]

is with respect to complex scalars and the metric tensor of the space is a Hermitian one. In

[90], the definition of complex Finsler spaces was slightly modified as

Definition 8.2.1. An R-complex Finsler metric on M is a continuous function F : T'M —R

that satisfying the following conditions:

1. The metric L = F? is positively 2-homogeneous function on M /0;

2. F(z,n) > 0, with equality holding if and only if N = 0;

3. F(z,An,Z,A7) = |A|F(z,n,%,7)forall A € R;

0L .

4. the Hermitian matrix g;5(z,m) with g;; = Tnion

called the fundamental metric tensor.

.. . / ., .
557 Is positive definite on T M and it is

It follows that L is (2,0)-homogeneous with respect to the real scalar A, and it is proved

that the following identities are fulfilled [104]:

GL AL o O
81’]117 81’[’” — ) gl]n gjln _an]7
Igik j 9gij_j_ . I8t jo Sik =j_
er +W =0; er ‘l’Wn =0,
2L = gijninj+g;j7_1iﬁj+28ijniﬁj, (8.2.4)
where,
oL 9L . _ L
T T TR AT T T

Definition 8.2.2. An R-complex Finsler space (M, F) is called an R-complex Finsler space

with (&, B)-metric if the fundamental function F(z,m,Z,7) is R-homogeneous in terms

of the functions o(z,m,z,7) and B(z,M,Z,7), which depend on z',n',7" and 7', for i =

1,2,...,n. That is,
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F(z,n,z,1) = F(a(z,n,%,1),B(z,1,2,1)), (8.2.5)

where,
= 1 i j Siz iz i iz
o*(z,n,%,7) = Slayn'n! +a;n'n’ +2a;m'’) = Retayn'n’ +a;m'n’}, (8.2.6)

_ 1 . . .
B(z,n,z,0) = E(bm’ +biN') = Re(bin'),

with a;; = a;;(z), a;; = a;7(z), bi = bi(z). We denote

L(a(z,n,2,7),B(z,1.2,1)) = F*(a(z,1.2,1), B (z.n,2.7)). (8.2.7)

Definition 8.2.3. An R-complex Finsler space (M,F) is called a Hermitian space, if the
tensor gij = 0 and the Hermitian metric g;s is invertible. An R-Complex Finsler space
(M,F) is called a non-Hermitian space if the metric tensor g; 7= 0 and the Hermitian

metric gij is invertible. Here, g;j and g;: are the metric tensors of the space and defined

Jd d

. d
respectively by, g;;j = 8_17’8_171L and g;5 = 8_17’8_1_71L

8.3 R-Complex Cubic («,3)-Metric

The R-complex Finsler space produces two types of fundamental metric tensor fields one
is g;;j other is g;7 and in Hermitian geometry the tensor field g; - must be invertible. A space
is said to be Hermitian space if det(g;; # 0) in R-complex Finsler spaces and it is said be
non-Hermitian space if det(g;; # 0) in R-Complex Finsler spaces. In the present section,
we determine the fundamental metric tensor for R-Complex Finsler space equipped with a
cubic (@, B)-metric and obtained condition for the property of non-Hermitian R-Complex

Finsler spaces. Now consider an R-Complex Finsler space with the metric

(@+B)°

La,p)="—_3 (8.3.1)
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(a+p)°

Then, it follows that F =

which is the cubic (o, B)-metric. Now, we compute

(8.3.2)

(8.3.3)

a2
the following quantities for R-Complex Finsler spaces with the cubic (a, )-metric F =
(a+B)’
o
OLg + ﬁLB =2L, OLgq + BLoc/B = Lq,
OCLaﬁ + BLﬁﬁ = LB’ OCZLaa +2aﬁLaﬁ —f—ﬁzLﬁﬁ =2L,
where,

dL dL 2L 02L 2L

L(x - as 9
6(a+B)°
Lg = ot
—480(a+B)° +300 (o + B)* +20(ax + B)°
Loo = 066 s
30(a+B)*
Lgp=—0a
30a (o + B)* —24(a + B)°
Laﬁ = (XS )
30a(a+B)* —24(a+B)?
LBa = ’

o’
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(8.3.4)

(8.3.5)

(8.3.6)

(8.3.7)

(8.3.8)

(8.3.9)

(8.3.10)



ocLa—l—ﬁLﬁ:a<6a(a+ﬁ);;4(a+ﬁ)6 +6ﬁ(o;jﬁ>5, .
_(a+B)YRa+2B)  2(a+p)° o o
— - - —2r,

ot

OLs -+ BLyy — a LU A B —24(@+f)) | 30B(a+p)’

5 7 ,
(a+ﬁ)4(ga+6ﬁ) 6(ct+ )’ « (8.3.12)
N ot ==

Lo+ BLap = 5 L ((~48a(a+ B +3002(ct + B)* +20(ct+ B)°)

+p(30a(a+ Bt ~24(a+p)%) - L @313
2a% —20f —4B%) =

(

1

02Lga +20BLyp + B> Lgp=—7 — (—48a(a+ ) +30a? (o + B)* +20(a+ B)°)

2[3( Oa( ot + ﬁ)4_24(a+ﬁ)5>+w (8.3.14)
| (Oﬂo‘;ﬁ) L

We propose to determine the metric tensors of an R-complex Finsler space using the fol-
lowing identities:

_9’Lzn,nAR)  97L(zn,ZAR)

gl] - anlanj ) gl] - anlaﬁ] :

Each of these will be of interest in the subsequent sections

We consider,
da 1 . . 1 ap 1
= — (a:mn) +a-n)) = — b,
on' Zoc(a”n +aij’) 2,7 ani 27"
Ja _ B 1
81’1’ = 2 ( zfnj+ z]rl ) = aﬁ, = Eb;’
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where,

li = (a;ijn’ —i—aijnf),lj = a;i' +a;;M'. We find immediately, [;n’ 4157/ = 20,

We denote:
i_ oL 9 ., J (a+p)’
1 _8_17"_817"F _2F8n"( a? )
ni = poli + p1bi,
where,
|
pozia Ly, (8.3.15)
and
1
pP1 = ELB (8.3.16)

Differentiating py and p; with respect to 17/ and 7}/, respectively, we obtain:

dpo

ani = p-alj+p-1bj,
and
dpo
a_ﬁj = p_2lj-—|-p_1b]-
Similarly g—ﬁlll = N_1li + Wobi, g—?’ll = p_1l;+ 1ob;,
where,
OLgo — L Laﬁ LEB
= 1= — = —. 8.3.17
p-2 1 P1T g M=y ( )

By direct computation, using (8.3.15), (8.3.16), and (8.3.17), we obtain the following re-

sult.
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Theorem 8.3.1. The invariants of an R-complex Finsler space with cubic (o, 3)-metric,

namely po, p1, P—2, P—1, and Ly, are given by:

1 1
Po=50""La =75 (6a(a+B)’ —4(a+p)°),

1 3(a+B)°
pr= 1L~ ( a4ﬁ) 7

OLgy — Lo —270(a+B) +150% (o +B)*+ 12(a + B)°
P2=""4s 208 ’
_Lop _ 30a(a+p)*—24(a+p)’
P1=Za = , 4as :
o = Lpp _ 30(a+p)
\ 4 4ot

Subscripts 0, 1, -2, -1 and 0 gives us the degree of homogeneity of these invariants.

8.4 Fundamental Tensor of R-Complex Finsler Space with

Cubic (, B)-Metric

The fundamental metric tensors of an R-complex Finsler space with cubic (a,)-metric

are given by
gij = Poaij + p—2lilj+ tobibj + p—1(bjli + bil).

From Theorem (8.3.1), we have

;

gij = 2%6 (6at(a+B)° —4(a+B)°) aij+

(—27a(a+ﬁ)5+150;205?+B)4+12(a+ﬁ)6) i+ 30(26(;&4,91,[,],
+3Ooc(o¢+ﬁ)4 —24(a+B)> (b, +bil).

~ 406
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(7= 5o (60t B) —4(a+ ) a;
i (_27a(06+l3)5 +150%(o+ B)* + 12(“+ﬁ)6> -

208 ) S Y
bib7+30a(a+ﬁ) —24(a+B)

30(a 4
n (-tﬁ)
\ 4o

(bfl,‘ + bilj) .

Or; equivalently,

gi7= pola;;+ plil;+ gbib;+ rnin;l,
L
where, pg = E(x Lg.

3o +12p?
P= 02202 —2aB —4B2)’

B 1502
1= 202 —203 —4B2
3a—12p

rr =

202 —-2af —4p%

(8.4.3)

(8.4.4)

(8.4.5)

(8.4.6)

(8.4.7)

(8.4.8)

The next objective is to obtain the determinant and the inverse of the tensor field g;;. The

solution of the non-singular non-Hermitian metric Q;; is given as follows. The following

proposition is proved in [80].

Proposition 8.4.1. Suppose:

1. (Qij) is a non-singular n x n complex matrix with inverse Q’';

2. Ciand C; = Ci, i =1, ...nare complex numbers;

3. Ch:= jSCj and its conjugates: C?.=CiC; = éiC;; Hij .= Q;j £ CC;.

Then,
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1. det(H;;) = (1+£C?)det(Q;j),

2. Whenever (1+C?) # 0, the metrix (H;;) is invertible and in this case its inverse is

Hli=Qli+ cic/.

1+C?

Using the above proposition, we prove the following theorem:

Theorem 8.4.2. For a non-Hermitian R-complex Finsler space with cubic (o, 3)-metric

3
F = %, the following identities hold:

1. The contravarient tensor g of the fundamental tensor g; jis:

i 200 ) o S A
5ii Ji L A nind 4+ Ay (bind - bint) - Axbibi
8 (6(X(a+ﬁ)5—4(a+ﬁ)6)a +AIN'N +A(b'nY +b/n') +Asb'D +A5’

where,

hy  h3
A= 43,
" * hy

hy = =3B +12B%, hy=2a*—2a°B —4a?B>+ (=3B +12B%)y,

hy = 15a%€*(—3aB + 1282)?,

hy = 20 —203B — 40282 4 (—3aB + 128%)y) x [(2a? — 20 — 4B?) x 2a* —
2038 —402B%+ (=3B +12B2)y) +15a*{(w x (2a* —2a3B —4a*B> + (3B +
12B%)y) +€*(=3ap +12B*)}],

_hs

Ay ==,
2= e

hs = 150%(—3af + 128°)s,
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he = (20> —2aB —4B%) x [(2a* — 203 B —4a? B2+ (=3B + 1282)y) + 15a*{ (@ x

a* —2a3B —402B% + (=3B +12B2)y) + €2(—3aB + 1252)],

h

Ay =1
hg

hy = 1502,

e2(=3ap +128?)

=202 —-2aB —4B%+ 150> .
hs =20” - 208 — 4"+ a(w+2a4—2a3l3—4062132+(—30€l3+1252)7)

As= (14 7ky + ko 2nind 4+ (1 + 7k + ko) x (L + 2 (mivd b)) + (2 + 2 )2pipi,
rg 110 rg ro

rory 3a— 128
As=1 1 —+— )
s=1+(¥( +yk1+ekz)+e<r8+r10>)\/2a2_2aﬁ_4ﬁz

ri r3
kl :_+_)
n ryq

r=-3aB+12B% rp=20*-20B —4a’B%+ (-3aB + 128y,
r3 = 1502e?(-3af +12B%)?
rg = 20 —2a°B — 402> + (=3B +12B82)y) x [2a> — 20 — 4B?) x (2a* —

203 B — 402 B2+ (—3aB +12B2)y) +15a{(w x (2a* — 203 B —4a? B>+ (-3 +
12B%)y) +€* (=3B +12B*)}],

rs = (—450B 4 180B%) x a® x (20> —20B — 4B%)?,
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re=[(2a> —2aBf —4B%) x 2o* =203 B —4a? B>+ (—3aB +128%)y) + 150 {(w x
(20t —203B —4a2B% + (—3aB +12B%)y) +2(-3aB +12B2)] x 2a* —2¢°f —
4a’B*+ (=3ap +128%)7)%

r7 = 15ea?,
e2(—3aB +128?)
(2a* —203B —4a2B2+ (—3ap +12B2)y)

rg =20% —2af —4B% + 150 (@ + ),

ro = ey(—45aB + 180B82)a?,

e?(-3af +12B?)
200 — 2038 —4a?B? + (—3af +12B2)y
2a* —20°B — 4028+ (—=3af +12B2)y).

rio= {2062—2(Xﬁ —4ﬁ2+ 15a2(a)+

)} X

—3aB + 1282 1502 3a— 12
a2~ 20B— 40" 207 —20B— 452" 207 —2ap - ap2
_ r7 Ty 3a— 12
= [+ (y(1 47k +8k2)+8(7’8 - rw)) 57 —7ap _4132)]

(—3af +12B2)e?
2004 = 2036 —4a2B?2 + (-3af +12B2)y
(=30 + 122)y)det (a;j).

2. det(aij+

x[1+o+ | x (1420* =20 B —4a? B>+

Proof. Step 1: We prove this theorem in the following three steps: We write g;; from

(8.4.4) in the following form:

gij = polaij + plilj + qlilj +rnin|. (8.4.9)
S ~ —3af + 1232 ‘ N
We take Q;; = a;; and C; = \/062(2062 —BZocﬁ E4ﬁ2) l;. By applying the Proposition

Ry —3af + 1232 - A
(8.4.1) we obtain Q' = a"/, C? = C'C; = \/az(zaz_z(x[g —4p7) lix QiixCj=
—3af +12p2 , —3af + 1232 ~
lilial = d14+C2=(1
222 —2af—ap?) < i = e —aap —apy) T =0
—3af + 1232 —3af + 1232

¥). So, the matrix H;; = a;; — lil}, is invert-

a’(2a? —2af —4B2)
ible with

a’(2a? —2ap —4B2)
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(—3aB +1282)
204 —2063ﬁ _4052[32 —+ (—?)Oéﬁ + 12ﬁ2)7

Hij = i + n'n’

—3af + 122
a’(2a? —20p —4p?)

—3af + 1282
a’(2o? —20p —4p?)

det(aij + lilj) = (1 + }/)det(a,-j).

-3 1282 . 1502
Otﬁ + [3 lilj, and C,' = @
o2(20% —2ap —4p2) 202 - 20 — 432
By applying the Proposition (8.4.1) we have,

Step 2: Now, we consider O; i=aij+ b,

(=3ap +128%)nin/

Yji — Ji
O = 203 B — 4B+ (—30B + 12807

G2 — GG, — 0 x C; . — 1502 iy
T I 202 — 20 42
(=3B +12B8%)n'n/ y 1502 b
204 —203B —402B%+ (=30 +1282%)y 202 =2af —4B2" |
2o 1502 0 (—3aB +12B%)e?
202 — 203 — 432 204 — 2038 —402B2 + (—3af +12B2)y| "
Therefore,

1+C2 #0.

—3af + 1282

Where, € =b;n/, @ = b,b’. Itresults that the inverse H;; = a;; + 2207 —2ap —4p2)

l,'lj-l-

1502
202 —2af — 432

bib; exists and it is

Hii = Qi + —Cic,

14C2

. i . J
i.qP+ﬂ1JP+ﬁﬂq
pn'n’ | 1+py 1+py

Hii = all 4
1+ py T

(8.4.10)

p qp*e’ pqe

ini P95
1+ py f0+1wﬁ>n17 (1+py)T

i :aji+< (bn + )+ Lpib]. 8.4.11)
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where,

2

pE
T=1+qg |0+ .
q[ 1+p7}

Now, putting value of p,q, T and we get following equation

Hit=al' + Ain'nd + A, (b'n’ + b/n’) + Asb'b/, (8.4.12)
where,
h  hs
Aj=—+—>

hy = =3aB +12B%, hy=20* 2B —4a?B>+ (=3aB +12B%)y,

hy = 15a%?(—3af +12B2)?,

hy=(2a* —203B —402B>+ (—3aB +12B%)y) x [2a* —2aB —4B%) x 2a*—  2a°B—
4a?B?+ (=3B +12B2)y) +15a?{(0 x 2o* =20 B —4a’B>+(-3af+ 12B%)y)+
eX(—=3af +125%)}],

hs

Ay = —,
2=

hs = 150%(—3aB + 128%)e,

he = (202 =20 —4B%) x [20* =203 B —4a? B>+ (—3aB +12B%)y) + 150> { (0w x (2a*—
2038 — 402 B% + (—3aB + 12B82)y) + €2 (—3aB + 1282)],
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e2(—3ap +12p?)
2000 — 2036 —4a?B?+ (—3af +12B2)y

hg =20a% —2af — 4B+ 15a% (o + ).

—3aB + 122 150
det|a;; lil; bib;]= |1 8.4.13
it o ar—20p—ap?) " T 202 —2ap —apriiti = |1t BG4I
150 (=3aB +12B%)e?
w +
202 —2af —4B2 204 — 2038 —402B2 + (—3af +12B2)y

—3af + 1282

(1+ a2(202 20 —4B2) v)det(aj).

Step 3: We put

—3af + 1282 1502

)i = gl Iil; b;
O w00 - 20p - 450" 202 20 - 452"

b (8.4.14)

~ 3a—12
and C; = \/ 5o —azaﬁ f4’3 5 Mi» clearly observe that and obtain

p qp*e? Pge

ini 4 P95
1+ py f(1+m')2)nn T(1+py)

il — ol 4 < (b'ni +bm') + Lib 8.4.15)

and C; = Mn' + Nb/, where
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2 o2
p D g€ Pg€
M=1 o 8.4.16

{ +(1+p7+r<1+p7)2)}Y+T(1+pw3’ ( )

£ S
g€ | _ pqEY

N = _
T 1(1+py)

(8.4.17)

Now, substituting the values of p, ¢, and 7, we get

M =1+ vk + €k,

where,
r r3
kl = )
T4

r=-3aB+12B% r=20*-20B —4a’*B>+ (-3aB +123%)y,

ry = 15a%e2(-3aB + 1232)?,

ry = a* —2a3B —4a?B>+ (—=3aB +12B2)y) x [2a> —2aB —4B%) x (2a* —2a°B —
40282 + (—3af + 12B%)y) + 15a*{(w x 20* —2a3B — 40?2 B% + (—3aB +12B2)y) +
e*(—3ap +12p%)}],

,
k==
e

rs = (—45af +180B2) x ab x (20> —2af —42)?,
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re = [(2a? —2aB — 4B%) x 2a* —2a3B — 4a*B% + (—3aB + 12B%)y) + 15a*{(w x
(2a* —203B —40*B? + (=30 +12B2)y) +£2(-3af +12B82)] x a* —2a3B —
402 B% + (=3aB +12B82)y)>.

Now, substituting the values of p, ¢, and 7, we get

r7 rg
N=—+—,

rg r10
where,

e2(=3ap +128?)

r1=15ea?, rg=2a*—-2aB —4B%>+150*(0+

ro = ey(—45aB + 18082) 2,

e2(-3uaf +128?)
204 =203 — 422+ (—3af + 122)y
2038 —4a?B% + (-3aB + 1282)y).

And
C2 = (My+Ne)y/r,

ri0={2a% —2aB —4B%>+150* (0 + )} x (2ot —

Putting value of M and N, we get

C2 = (y(1 + vk +ek2)+£(r—7+2))\/ 3o — 125

rg r10 2062—206[3 —4B2’
where,
r r3
kl - + )
mn rq

r=-3aB+12B% r=20*-20B —4a’B>+ (-3aB +12B%)y,

r3 = 15a%e?(-3aB + 1232)?,

rs = 2a* —2a°B —4a?B% + (—3af +12B2)y) x [(2a? —2aB —4B?) x 2a* —20°B —
40?B2 + (=3B + 128%)y) +15a%{ (0 x 2a* —2a*B —40*B? + (—3af + 12B%)y) +
e*(—3ap +12p%)}],
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rs = (—45aB +180B%) x o x (20> —2a — 4B2)?,

re = [(207 —2aB —4B%) x (2a* —2aB — 4a?B% + (=3B + 12B%)y) + 15a%{(@ x
(a* —203B — 4a?B% + (—3aB +12B2)y) + e2(—3af + 128%)] x 2a* —20°B —
40?B? + (=3ap +12B)y),

rr = 15ea?,
(=3B +128?)

92 — 482 2
s =200 =20 — 4B 1500+ 5 B 402B2  (—3af 1 12B7)7)

),

ro = ey(—45aB + 18052 a?,

e2(-3aB +128?)
20 =203 —4a?B2 + (—3af + 12B2)y
(2a* —20a3B —402B% + (-3 +12B2)y).

rio = {202 —2af — 4B2 + 1503 (o + )} %

14+C2 0,

Clearly, the matrix H, j 1s invertible.

i , J
- q[, ﬂ} {Mﬂ]
pnn” 1+py

1+ py T »
and . .
. en' . en’
B iy Q{b’—}—%} {bj—i-lp_:l }
Ci = ali + pnn 4 pPY pY .

1+ py T

where CiCJ = M?nin/ +MN(n'b/ +n/b')+N>b'b/. Again, by applying Proposition (8.4.1),

we obtain the inverse of ﬁ; as follows:

p qp*e’
1+py  t(1+py)?

Hii = g/l + in 4 1 (pini 1 pint)+ Lpib/ (8.4.18
a ( )nn U+p”7(n n') L ( )
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M?nin/ +MN(n'b/ +n/b') + N?b'b/
1+ (My+Neg)/r '

Putting all value in equation (8.4.18) and we get,

- ) o S A
Hii = a/' + Ayn'n/ + Ay (' + bn') + Asb'b/ +A—4. (8.4.19)
5

Where,
hy  h
A= —+—,
: h2+h4

hy = —3aB + 1232,

hy =20a* =203 B —402B% + (=3 +12B%)y,

hy = 15a02e*(—3aB + 128%)?,

hy = 2a* — 2038 —4a?B? + (=3B + 128%)y) x [(2a? —2aB — 4B%) x 2a* —2a3B —
40’ B% + (=3B + 1282)y) + 150%{(w x 20* =203 B — 4a*B? + (=3 +12B%)y) +

e*(=3af +12B%)},
_hs

=

hs = 15a%(—3aB + 1282)¢,

A

he = (20> —2a B —4B%) x [2a* 20 B —4a? B+ (—3aB +12B%)y) + 150 {(w x (2a* —
20838 —40”B? + (=30 +12B2)y) + &> (—3aB + 1282)],

h7
Ay =L,
3 s
hy = 1502,
2 2
_3 12
hs = 202 — 20 — 4B2 + 1502 (0 + e (=3ap +1257)

2000 — 2036 —4a?B? + (—-3af + 12[)’2))/)’
As = (14 7k + k)20 + (1 4+ vkt + ko) x (2 + 2 (mivd +nivt) + (L + 22 2pip,
rg  ro rg  ro

ry r9 306—12ﬁ
As=1 1+ vk + €k &g —+— s
5 + (y(1 + vky + €kp) + (rg+r10))\/2062—205ﬁ—4ﬁz
&) ry4

rp==3aB+12B%, rn=2a*-20B —4a*B%+(-3aB +128%)7y.
r3 = 1502e?(-3af +12B%)?,

rs = a* —203B —4a?B>+ (—=3aB +12B82)y) x [2a> —2aB —4B%) x (2a* — 2B —
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40?82+ (—3aB 4+ 12B%)y) +15a%{ (o x (20* —2a°B —4a?B% + (3B + 128%)y) +
e (-3aB +12B%)}],

rs
k2:_5
Te

rs = (—450 +180B2%) x a® x 2a? —2af —4B?%),

re = [(2a* —2af — 4B%) x 2a* —20°B —4a?B% + (=3aB + 12B%)y) + 1502{(o x
2a* — 2038 — 4a?B% + (—3aB +12B%)y) + e2(—3af + 128%)] x (2a* —2a°B —
402B> + (=3B +12B%)y)%,

r = 15ea?,
e2(-3aB +128?)

— 22— — 482 2
rg =202 —2af —4B%+ 150 (0’+(2a4_2a3p_4a2[32+(—3aﬁ+12l32)7)

):
ro = ey(—45ap + 180%)a?,
e2(—3af +12p?)
204 = 2038 — 40?2 + (=3B + 12[32)7’)} x (204~

rio={20> -2 —4p>+150* (0 +
20 B — 402 B2+ (~3af + 12%)7).

—3aB + 1282 1502 3a— 12

bibj+ 202 —2af — 432

it o —2aB -4 T 202 —20p —ap2”

(8.4.20)

3a—12p
2002 -2af — 4B2)]r

nin;) = [1+ (Y(1 + vk + €ko) +8(:—; + %))\/

(=3aB +128%)e?
200 — 2038 —4a2B?+ (—3af +12B2)y

(=3aB + 12[32)y)det(a,~j).

X [1+ o+ | x (1+20*—20°B —4a® B2+

1 ~ -
But gj; = 3 (6a(a+B)°> —4(a+ B)°®) H;j, with H;; from last step. Thus

o

~ji_ 2a6[{~ji
5= 6a(o+B)> —4(a+B)°

(8.4.21)

Therefore, from equations (8.4.19) and (8.4.20), we obtain claims (i) and (ii), where g;;
and g,.j represent the metric tensors of an R-Complex Finsler space with cubic (o, f)-

metric. L]
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Observing the terms 7, €, and 0 from the above theorem, we immediately state:

Proposition 8.4.3. In a non-Hermitian R-complex Finsler space with cubic (o, B)-metric,

the following properties hold:

Y+ 7=t + i) = agn/n' +agn'n’ = 202,

e+E=bm/+bm/=2B, S=¢,

where,
. 1 . 3(a+B)°
li=a;n’, 771'22?.66(605(06—1—[3)5—4(06—|—B)6)a,-j11’+J

(8.4.22)

(8.4.23)

y=apn'n* =40k e=bn’, b =a*b;, by =bray, § =ayn/bt =Lk, 1 =a'll; =1

Furthermore, we present two examples of R-complex Finsler spaces with cubic (¢, 3)-

metric as follows:

Example 1. We set o as

(1+¢lz?) X, Re(n*)? — eRe < z,m >2
(1+¢lz[?)? ’

aZ(Z, 71) =

where |22 := Y] 2%, <z,n>:=Y] 7%, defined over the disk

1
A?z{zEC", lz| <r, r:= —}

[

if € <0, on C" if € = 0 and on the complex projective space P'1(C) if € > 0.

1 77
Through ting, tajj=——(&:—e——=_ ) anda;;=0and so, a?(z,1) =
rough computing, we get a; [T e ( ; 1+8|Z|2) and ¢;;=0an S? (z,Mm)
1 <z,m> Z

3 (aijn'n’ +a;1'N’) . Now, taking B(z,n) := Rem, where b; :=
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are a few examples of R-complex non-Hermitian cubic metrics:

, [/ (1+ €)X, Re(nb)? —gRe < z,m >2+R <z,m>

1+¢lz]? e——
( 21%) 1+¢€lz|? 1+ ¢€lz|?

Fg::

(1+€lzP) L Re(n¥)2 — €Re < z,1 >?

Example 2. We set o as

2 2 2 2
+e —|l<zn>
(1+¢€|z)?)

1
A:’:{ZGC", lz| <r, r:= E}

if € <0, on C" if € = 0 and on the complex projective space P"(C) if € > 0,

defined over the disk

where | <z, > |?:=< z,n > <z, >. Through computing, we get aij =0 and a;; =

1 7z -y . )
Tr el (5ij— 8?&3&\2) and so, o*(z,m) = a;7(z)n'M’. Setting B(z,n) as in Example

1., here are a few examples of R-complex Hermitian cubic metrics:

3
21 e (22 — 2
(1+¢zp)? (VIMEHeQPIPE - <zn > ), <zn>
1+¢€z| 1+¢€z|

Fe =
‘ nP>+e(zPnf> = <zmn>?)
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CHAPTER 9

On (p, B,n)-Metrics with Kropina - Rander Changes

This chapter investigates a novel extension of (p, 8)-metrics to (p, 3,1)-metrics by incor-
porating two 1-forms on a Riemannian manifold. We study the Kropina—Randers metric
F = %2 + 1 and establish key results on its metric structure, spray coefficients, projective
flatness conditions, and Douglas space characterization, providing deeper insights into the

geometric structures within Finsler spaces.

9.1 Introduction

The (p, B)-metrics [79] constitute an important and significantly studied class of Finsler
metrics, where p = \/a;;(x)y’y/ denotes a Riemannian metric and § = b;(x)y' is a 1-form
metric. In this context, a;;(x) and b;(x) depend on the positional coordinates x, and y' are
the components of the tangent vector, representing directional coordinates. These metrics
are relatively explicit and computable, and the geometric patterns they exhibit provide a
useful foundation for further investigations in Finsler geometry. However, not all Finsler
metrics can be expressed in the (p, B)-form, which has encouraged researchers to explore
more general metric structures to better understand the diversity of geometric phenomena
in Finsler spaces. Motivated by this perspective, Yu and Zhu introduced in 2011 the notion
of general (p, B)-metrics, which are defined by F = p¢(b?,u), where ¢ = ¢ (b*,u) with
B

u = 5 is a positive smooth function on the interval (—c1,c1) and b = ||B||p. They inves-
tigated fundamental geometric properties of this class, particularly the spray coefficients
and the conditions for projective flatness. In 2012, Zhou introduced a general form of
spherically symmetric Finsler metrics and characterized the necessary and sufficient con-
ditions for their projective properties and constant flag curvature. This work contributed

to a broader understanding of curvature phenomena in symmetric Finsler spaces. Further-

more, Sadeghzadeh and Rajabi proposed a wider class of generalized (p, 3)-metrics by
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introducing an additional 1-form
n =)y,

which is independent of 3, on an n-dimensional smooth manifold M. With this extra

structure, the metric can be written as
F =pO(u,i), 9.1.1)

where p is a Riemannian metric and

The function @(u, i) is assumed to be of the form

O(u, ) = g () E (#@Q ,

subject to the conditions || ||, < [; and |||, <[;. Here ii¢ and © are positive C* functions

defined on (—cy,c1) X (=11,1h).

This construction is called a (p, 3,7 )-metric. In general, it does not reduce to a classical
(p, B)-metric, so it strictly enlarges that category. It provides a unified framework that
includes both generalized (p, 8)-metrics and spherically symmetric Finsler metrics. Sev-
eral geometric aspects of this family, such as projective flatness and the characterization of
Douglas-type spaces, have been investigated. Moreover, this metric can be interpreted as

arising from a B-deformation of a Finsler structure.

9.2 Preliminaries

Let M be a smooth manifold and denote its tangent bundle by

™ = | ) M,
XeEM
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where T M is the tangent space at x € M. A Finsler structure on M is a function
F:TM — [0,00)
satisfying the following conditions:

1. FisC*onTM\ {0};
2. F(x,Ay) = AF(x,y) for every A > 0;
3. For each x € M, the symmetric bilinear form

1 0% 1,
gy(a,b) = 33,95 F (y+ra+sb)]

is positive definite.

To measure the deviation of Fy := F|r from a Euclidean norm, define the Cartan tensor
by

1d
¢y(a,b,c) = 37 [gy+tc(a,b)] ‘1:0’ a,b,c € T\M.

The collection {6} },cran {0y is called the Cartan torsion. It vanishes entirely if and only if
F is Riemannian.
In a Finsler manifold (M, F), the metric induces a canonical spray vector field on TM \ {0}.

The local coordinates (x,y") are given by [143]

i i a
Vi~ 2G'(x,y)

G: -
ady'’

where

i Lo (O8jm | 98mk 98K\ i
G_é_lg (8xk oxi o )V

This vector field is called the spray associated with F', and the geodesics on M are obtained

as the projections of its integral curves.
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Finally, let F(x,y) be a Finsler metric defined on an open subset U C R”". The metric is
said to be projectively flat if all of its geodesics are straight lines in U. This property holds
if and only if

Fkyjyk —F;=0.

X X

In this case, the spray coefficients satisfy

The projective and locally projectively flat properties of various Finsler metrics have been
extensively studied by several authors [19].
In this research work, we further investigate (p, 8, 1)-metrics, which are positively homo-
geneous functions of degree one in p, B and 1, defined on an n-dimensional manifold M
in the form given by equation (9.1.1).
If ¢ (u) is taken to be a homogeneous function of degree zero in p and 3, then the metric
in (9.1.1) reduces to

p?

F:_+n7
B

which is of Kropina—Randers type.

9.3 (p,B,n) - Metrics for a Kropina-Randers Change

Definition 9.3.1. [143] Let p be a Riemannian metric and B, N be two 1—forms on an

n-dimensional manifold M, then an (p,3,n)-metric F is defined by

F=p0O(u,i), u:=

™

o
y U= —
P

where ||B||p <c1, ||N]|p < c2, and O(u, it) is a positive C* function on the interval (—cy,c1) X

(—01,0).

if describing a property For (p, B,1)-metrics, the Kropina—Randers change is defined as
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F=F+n,
where,
_r
F— ﬁ +n~

The fundamental tensor of a (p,3,n)-metric under a Kropina—Randers change can be

expressed as follows:

gij = 0ajj+ 0obibj+ Gonin; + o1(bipj +b;pi) + 61(M:ip; +N;jpi) + C20ip+

(9.3.1)
o3(bin; +b;n;),
where,
c=(,+i)(:), ov=+%, o1=3 -4, =1, G=1, 6 =1,
-1 (9.3.2)
G [ —
3=
Moreover,
1 n+1 o) n—2
det(gij) = (—+L‘t> (—) Idet(a;j). (9.3.3)
u u
Where,
2 22
r=-—+0"—u)— (9.3.4)

and

b2 = aijbibj, g2 = aifninj, 0 .= aijbinj, J:=0.
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. 1 o .
gl = G{ a') — £[@u + (8% — @)D’ — 1@+ (b* —u?)Jn'n/
1 o) 2 =2 inJ ji_L—_ 2 .2
orlo1 +02(0 —ui) — O (g” —i*)|(b'p’ +b/p") @F[Gl Oy (b —u”)+
01(6 —uin)](n'p! +1/p") + Gz (4O + (b* — u*)®, + (6 — uit)O;

J[01 4 ©2(0 — uit) — O (g> — @?)]) + [@® + (g* — 1) Oz + (6 — uit)®,

[[G1 — O (b* —u?) + 0, (6 — Mﬁ))]Pin},

\

where,

0, =0, @zz;?f,@:

<=

+it, O, = =, O = 5, O =1, Oz = 0,
0®,; =0.

Additionally, the Cartan tensor of F' is given by

Ciji = (23 — 5) (b — upi)pij + (bi — upi) pjic + (bj — up;) pir] +
(1 — i) pij + (i — @pi)pjx) + (M) — i) pir)] + 55 (3 + 25)id

(bi —up;)(bj —up;) (M — dpx) + (bj — up;) (b — upy) (N — 4p;)

+(bi — upi) (b — upi) (N — p;) | + 55 | (i — ap;)(M; — @p;) (b — upx)

+(nj— ;) (N — ap) (bi — upi) + (i — ;) (i — apy) (bj — up;)

o5 (25 4+ 28) (b — upi) (b — up;) (b — upr) + 55 [(mi — api) (; — iap)
(M — py)]-

(9.3.5)

Proposition 9.3.2. The fundamental tensor for an (p, B,n)-metric for a Kropina—Randers

Change can be also represented as follows:

o1 o1

g,-j:c{a,-,~+flbl-bj+52nmj+60(b,-+n,-)(bj+nj) % (0t D+ Sy
(b Stby 2im))}:

Where

oc=0G+a)3), oi=7-3% =% 6 =2, :Z(Ifuﬁ)(;_zl_—Z(—;L;%tﬁ)),



_ —4—2ui)? u _ —A4-Dui —u — —4—2ui
51:2u2 (3u+2u_(42) 2 (1 2(—4-2 )))52:2( 2 (1 2(—4-2 ))_

(T+ui) \~ u? 4 >_2(H—uﬁ) W 4 Tui) \ >~ 42

Proof. The fundamental tensor and Cartan tensor of a Finsler metric F' are defined as

1
81 = i[Fz]yiyf = Fhyiyi + Byl

and
1

Cijk = E(gij)yka

respectively. A direct calculation yields

iy = bi _p”p !, where p; = p,,

iy = (m—pﬁpz)’

(@)= |~k

@)y =3 | %],

(©a) =0,

(hi)yi = S (bj —up;j)pi — upij, Where pij = pyiyi = 5 (aij — Pip;),
(hi)yi = %I(le —ip;)p; — up;;.

Let /; be defined as Fyi and /;; as Fyiy j. From the previous equations, we obtain

1 — _
Li=(—4ua)p; — )h; + h;, 3.
(¢ +Dpi+ (o )hi+ 93.6)
2 2hih;
lij=(—)pij+ T (9.3.7)

This leads us to (9.3.1). We can express (9.3.1) in a different way as follows:

o o (0]
8ij = G{aij+51bibj+5277mj+5o(bi—I—Tli)(bj—i—nj)+gz(Pi—F;;bi—i—;;ni)
(0] (o1
(pj+ o it Gsz)}
Where,
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W 3u+2a (—4—2u@)? W2 -1 2(—4—2ui) 2 1 2(—4—2um)
01 = 2(1+mz)( At )— 2(1+uit) (7 4u? ), &= 2(1+uir) (u_2 4u? )
By applying [2, Lemma 1.1.1] four times, we derive (9.3.3) and (9.3.5). []

Note: It is clear that the previously mentioned proposition is valid for any (p, 8)-metric
by choosing i = 0, and it is also valid for any (p, n)-metric by setting u = 0. The Cauchy-
Schwarz inequality states that 82 = (a'/b;n;)? < (a"/b;b;)(a’/n;n;) = b*g*. We must prove
the validity of the following statement.

Proposition 9.3.3. Let M symbolize an n-dimensional manifold. A Finsler metric F is
defined as F = pO(s, i), where O(u,ii) = % +it, withu =5 and it = % This metric applies
to Riemannian p and 1-forms B = b;y' and 1 = 1;y" under the conditions that ||B||p, < c1

and ||n||p < c2. The condition 8 — uii > 0 is only valid if the corresponding positive C*

function ® = O(u, i) is fulfilled.
2
©:=->0, 7>0. 9.3.8)

When n > 3 or n > 0, for n =2, with 1 defined by (9.3.4) and u,i1,b,g being arbitrary

values satisfying |u| < b < ¢y and |i| < g < c2, the result holds.

Proof. The Case when n = 2 is similar to the scenarios where n > 3, so we will prove the
proposition only for n > 3. It is easy to verify that F is a function demonstrating regularity
and positive homogeneity. We will now analyze the condition for strong convexity.

Assuming that (9.3.8) holds, we can express @n as a quadratic equation in terms of ® in

the following manner.
4 2 -
on = ;—k(a—l—a);—f—(aa—bb) >0, (9.3.9)

where
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a:= I
b:=0,
a:=o,

2(0 —un)

S
I
]

The inequality stated above is true if and only if one of the following conditions is satisfied.

1.
A <0 where A= (#)2;
2.
A=0, then ® #wand OF = (© —w)* where w = ;(@)
3.

—1| 2(p* —u?)
A>0, then) < ® <wjor®>w, where wy ::7 (—)+\/K

—11,,2(b* —u?
and wy := > [[(M) - \/Z] :
Take note that wy is less than wy.

1
Let us take an assortment of functions @p(u, i) = 1— f+ f(—=), 0 < f < 1. Put Fy =
u?ii

pPOs(u,it) and gf; = %[FJ%] then Fy=p and Fy = F. Forevery 0 < f <1,

yiyi> ul <b<c
and || < g < 1y, we will demonstrate @y > 0 and T'y > 0. It is evident that Oy = 1 —
f+fO>0. Moreover, ®,T'; = G)ch—kf(a—{—d)@f%—fz(aﬁ— bb). Then we have Ay = f2A

where

)2 (9.3.10)
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It is clear that when Ay (u,it) < 0, the expression O Iy is strictly positive, meaning that Iy
is greater than zero.

Let us consider the scenario where there exist values fy and Afo(uo,u'o) > 0. Given that
A¢(u,it) is continuous with respect to both f and (u,it), it follows that there exists a set
D C (—c1,c1) X (—c2,¢2) such that for every (u,ii) €D, Ag(u,it) > 0, and for all (u,it) € D,

Ag(u,it) = 0, where dD denotes the boundary of D. Consequently, within D, we find that

®fo:(®f—fw1)(®f—fwz). (9.3.11)

If we have I'y(u,it) > 0 on domain D, then there is nothing more to demonstrate. Assume
there is a subset u C D such that for (u,ii) € v=ulJdu, (I'(u,ii) <0. Given that both I
and 1M1 are positive, we can invoke continuity for Iy, which yields 3 fi, f> € (0, 1) such that

Ly (u,it) =g (u,it) =0V (u,i) € v. According to (9.3.11), we have

(Of — fiw1)(Of — fiwz) =0, and (O, — fow1)(Op, — fawz) = 0. (9.3.12)

For fi < f < fo, it follows that for all (u,i) € v, I'y((u,i)) < 0, while for every (u,it) €
D—v, T'p(u,it) > 0. Due to the continuity of T'y, we find that T r(u,i) = 0 for fi < f < fo,
whenever (u,it) € dv. The equation (9.3.11) gives us @y = fwy or @y = fw,. Conse-
quently, from (9.3.12), we arrive at f| = f>, which leads to a contradiction. Thus, it must
be the case that T r(u,i) > 0 on D.

Now let there is Dy C (—cy,c1) X (—c2,¢2) such that A(u,it) = 0 for every (u,it) € Dy. Then
we see that for every 0 < f <1 and (u,i) € Dy we have Af(u,ii) = 0. One could eas-
ily get @;s— 2O = (1 — f)(1 — f+2f(®+ MY, If for some 0 < f < 1 we have
(1= f+2f(©+2H2)) >0 then ©;Ty > f?O > 0 and therefore Ty > 0. Now we assume

that there are 0 < f < 1 such that

a+ta

1-f+2f(O+ >

) <0. (9.3.13)
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Which one could easily get 1 — f + f(© — @)) < %(1 —f) #0. Thus

OT = (@r—wp) > =(1—f+f(O—-w)=(1—-f+f(O- %&))2 >0. (9.3.14)

Then for this 0 < f <1 we get I'y > 0, too.

All the arguments presented indicate that I'y > 0 for every 0 < f < 1. Consequently, we
have det(g{;) > 0 for all values of 0 < f < 1. Given that (g?j) is positive definite, we can
deduce that (glfj) remains positive definite for all f € [0,1]. As a result, Fy qualifies as a
Finsler metric for any f € [0,1].

Assuming that F = p®(u,it) and that det(g;;) is positive, it follows from Proposition (9.3.2)
that the condition det(g;;) > 0 is equivalent to @" 2T > 0, which indicates that ® # 0
when n > 3. Using ©(0,0) > 0, we may construct the inequality ® > 0. Furthermore,

det(g;;) > 0 implies that T > 0.
For 1-form 8 = b;(x)y' and 1 = n;(x)y’, we have [143]

1 1

By = i(bi\j+bj|i)a Bu;; = E(bi\j —Dbjji)- (9.3.15)
1 1

Mrij *= §<’7i|j FNjii)s My = 5(% —Mjji)- (9.3.16)

9.4 Spray Coefficients of I

In this part, we employ a method introduced by Matsumoto to calculate G'. For F =

PpO(u,i), we obtain

ﬁxj = b()|J + er;‘a nx-i = n0|J + an-’}’
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1 1 -
= (boyj +rGy), ity = (Mo + hrG), 4.1

where Gz- =P G; j- Moreover, by p; =0 and p;; = 0 we have

Pyi = prG;, (i) = PirG; + PrG;j, (94.2)

where GI; =PG’, ;. Then
J yiy

1 1 r r r
(hi)ss = bij = S boy i = S hrGpi+ hrGij = upir G,

A 1 - S r = r
(hi)xi =My — Enoupi - l_)hrGjpi + hGjj —upiyGj. (9.4.3)

By differentiating (9.3.6) with respect to x/ and employing (9.4.1), (9.4.2), and (9.4.3), we

obtain the following results:

o 1 ; i) Gr
S = ()b g+ 5 Gabohi+ (G+Dpr = Go)hs k)G

PG + 5 (Ghihy)G'.

Let ; denote the horizontal covariant derivative with respect to the Cartan connection of F.

a

We now assume /;;j = 0, meaning that 5%

= liyN} +I;n;;. For our analysis, let us define

Dy :=T"% — G, Dy :=Diyf =Ni— G D' :=D}y/ =2G' —2°G". (9.4.4)

Then % = ir(D; + G;) +lr(D{j + G{j). Substituting (9.3.6) and (9.3.7) into the above
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equation yields

al; 2h;h,
i [( )Pir + o

D+ (5 +@)pr+ (1) () ) D+ (5 + @)
~(2)hr +he) G+ ((3)Pir + 5 (35 )hiky) G

By examining (9.4.4) and (9.4.5), we can derive the following

(;_zl)bi|j+ni\j = (( )P
ﬁpr))ij— ,%(,%)bou i

Therefore, using (9.3.15) and (9.3.16), we obtain

2B+ 21y, =D (R)pir+ 2 ) + D7 (2)pjr + 55) +2((5 +
2
uw

+(;_21)(br_upr>‘i‘(nr_ﬁpr))D{j p(u3)b0|] __( )b0|z

2h i 2h by

pu’

B, 215, = DH((Dpir+ 555 ) + D (()pjr +

%(u%)bouhj

) — ,%(,%)bo\jhi-l-

By contracting (9.4.7) and (9.4.8) with y/, we can conclude that

B+ 2 =D (Rpir + D ((B)pjr+ 255) +2(( + )p,

‘|‘(;_2])(br —upy) + (N — L_‘pr)) i %(ﬁ)ﬁroohi

— hi r
{ M_zzﬁuio + Znuio = Dr((%) ) Zpu}; ) - Il)(u%)ﬁroohi

Subtracting (9.4.10) from (9.4.9), we obtain
(;_21>(Bri0 - ﬁsiO) + (nriO - nsio) = {( + M)Pz (u—zl)(br — upr)—l—

(n—iipy) } D

184

) D+ (G )P+ (53) (b — upy) + (1

(9.4.5)

(9.4.6)

(9.4.7)

(9.4.8)

(9.4.9)

(9.4.10)

(9.4.11)



The contraction of (9.4.11) with yi leads to

{ 2 (Brog) T Mg = ((% +a)p; — (5)(br —upy) + (0, — apr)> D, (94.12)

In order to determine the spray coefficients of F', we first establish the following lemma.

Lemma 9.4.1. The algebraic equation system (i) l;;A"” = B; and (ii) [,A” = B has a distinct
solution for A" when B and B; are defined, with the condition that Bjy' = 0. The solution

may be stated as

i iy Ppi P i i
Al = (p, PpiF B, 4.1
(prA")p" + g B — g (il + k') (9.4.13)
where,

B =d'B;, Wi =da'h, hi=d'h and

2
®:=2,
Hi = (%)Brbr’
My =0

{ Lijh' =5

=40

Zy (bz—uz)%] h;. (9.4.14)

hy+d (5)] 7. (9.4.15)

Next, contracting (i) with ' and )’ and using (9.4.14) and (9.4.15), we obtain

IS

+ (b? —MZ)M%] h;A’ = pB;b,

(6 —ui) % | hjAl + |2

h_jAj = ijT]j.
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By solving the above system, we obtain

{ hiAl = g_n{ }B b7, (9.4.16)

{ hiA) = g—n{§+ (bz—uz)u%}Bjnf — {(9 —uﬁ)u%}ijj. (9.4.17)

Substituting (9.3.6) in equation (ii) yields ®p jAj +0,h J-Aj +0zh jAj = B. By (9.4.16) and
(9.4.17), we get

{ i = (gﬁ){B—@% (;—3{%—(9—uu)%}}ijf—&(%Hbz—uz)%)Bmi

Substituting (9.3.7) into equation (i) yields

{ i laijAl — (p;AT)pi] + {[ (&Z)hihjAl} = B.

By contracting this equation with a”/ and using (9.4.16) and (9.4.17), one can derive
(9.4.13).

At this point, we can determine the spray coefficients of F.

The system of algebraic equations represented by (9.4.10) and (9.4.12) has a solution, given

by Lemma (9.4.1), expressed as D' = (p,D")p’ + 5B — &= (11’ + pohi), where
-2
= (7 )Baio + (275 + (( 3)Brog )i
—1
B = (?)ﬁroo + Mroo>

B = (B + (D) + 5 (5 Buol (6 —02),
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B’ = () + (201 + () (6 — ).

Let D' = 2G! — 2G, from which we obtain the following.

Proposition 9.4.2. The spray coefficients G' are connected to P G'

. . ) 1 1 . 1
PG+ LIS, — ()M ]+ ==[Tibf + Ton 4+ —Tpi 4.18
G G+A[(u3a)ﬁso (u2ﬁ2)ns0]+21“[ '+ o'+ o 3P'], (9.4.18)
where,
( 2 2 9\2
I =[2]R5,
1= L] (9.4.19)
I =0,
| T ={Z -+ ()0 —un) }RP + {2+ Z(1? —u?) }R".
and

RP = By — (P} (B 100 1

R =1y — (P“){(;_zl)ﬁfo 1050 }-

9.5 Projectively Flat (p, 3,1)-Metrics

Example 9.5.1. We assume a (p,,n)-metric in the following form: F = %2 +n, O(u,i) =

% +u. Let cy > 0 and 1y > 0 be the largest numbers such that

2 2b°
O=—, I'=—=>0.ju[<b<ecy, |a| <g<l. (9.5.1)
u u

Lemma 9.5.2. A (p, B, n)-metric F = p®(u,ii), where ®(u,il) =1+, u= g and il = g,
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is projectively flat on an open subset u C R" if and only if

ph..pGiJrE[__sz, +1 '}Jriﬁ[ﬁﬁ +p?Byy — B*Nal]h; =0 (9.5.2)
ij 2L B2 5 jO 50 4b2B7 00 S0 Wl ’ e

Where 1y and M, are given by (9.4.19) and Phjj = a;j — pip;.
Proof. Let F = p®(u, i) be a projectively flat metric on U. Then, we have
G' = Qy' (9.5.3)

Contracting (9.5.3) with ph,-j and using (9.4.18), we obtain (9.5.2).
On the other hand, let us assume that (9.5.2) holds. Applying the contraction of (9.5.2)

with @'/ results in

__p2 — _2p6 2 _ R2m,_ [P r i
2 ﬁSj0+nSjO] - 4b2B7 [ﬁﬁroo ‘|‘P ﬁso ﬁ nu]]hj |: G pG p}’p:|

B
5[/3

Substituting this into (9.4.18) results in

. ) 1 ) 1 .

This suggests that F is projectively flat.

Lemma 9.5.3. The (p,f,n)-metric F = %2 + 1 is locally projectively flat if and only if B
is parallel with respect to p and 1 is closed.
Furthermore, B is parallel with respect to p if and only if bij = 0, which implies both

Bs; =0 and B, = 0.

Proof. LetF = i +n be alocally projectively flat metric. Substituting (9.5.1) into (9.5.2)

B
6
PhiP Gl i [ 0B+ B + gy (BB Brop” — B ]y =0
1] 2[3 S jO S0 4b2[37 roo S0 S0 J .
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By multiplying this equation by 85*83p?, we obtain

SbZBS(aijpz _ylyj)pGl +4b2ﬁ7p2 [ - pZﬁst +B2n5jo} +4P8ﬁ [Bﬁroo +BSop2_
B*ng)hj=0.

From above equation we take term which does not contain p? is;
—8b%B3y,y PG = 0.
So we know that —8b2[38yiyj # 0 so we have
PG =0.

Put value in above equation and we get;

4b2B7 [ - pzﬁsjo +l3271s,»0} +4P6B [ﬁﬁroo +Bsop2 -

ans'o} hj=0.
From above equation term which does not contain p? is
4p*Bn;,, = 0.
So we have,
MNs; = 0.

Put value in above equation and we get;

457 By, +4p* B BBy + Buop® — B2y = 0.
From above equation we have term which does not contain p? is

—4b*B" B,y =0
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so we have

ﬁSjO =0.

Thus we get 5, = 0, 15;; = 0. O

9.6 Douglas Spaces by (p, 3, n)-Metrics

Douglas presented a collection of local functions D;kl on T My, which are characterized by

P9 (gL 96",
Jkl ayjaykayl n+1 aym ’
It is straightforward to check that the object

. ; d X ;
D := Dy, dx’' ® o ®dx" ®dx
The Douglas tensor is a well-defined tensor on 7M. A Finsler manifold (M, F) is termed
a Douglas space if and only if the expression G'y/ — G/y' constitutes a homogeneous poly-
nomial of degree three in y' [14].

Furthermore, from equation (9.4.18), one can decompose this difference as

Giyj _ Gjyi _ (PGiyj _ PGjyi) _‘_Bij,

where
B = L 10,(B.y — By') +Oa(nyy — "] + o [Ouat+ (82— B)IRP (9.6.1)
L "% 50 s 50 P) B
|
+[@uz — (6 —uat)JIR"] } (b'y! — bly') + a @z + (b* — u?)JIR"

+[Ouz — (6 —ud)JIRPT} (n'y/ —ny").
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Proposition 9.6.1. Consider F, the metric introduced in Example (9.5.1). We can prove
(p,B,n)-metric F = %2 +n is Douglas if and only if B is parallel with respect to p and 1

is closed.
Proof. Substituting (9.5.1) into (9.6.1) implies that

. 1
BY .=
16028

(—8p0°B7(B,yy — B,i»") +86°B°(n,y 3 —n,;») +8p°B  (9.6.2)

(ﬁﬁroo + pzﬁuo - ﬁznu_o)(biyj - bjyi))

So we have,

166°B*BY = —8p?0B7 (B3’ — B,1y') +86°B° (¥’ =1, +8p°B  (9.63)

(ﬁﬁmo + pzﬁuo - ﬁznu‘o)(biyj - bjyi)-

Now contracting above equation by y;

So we have;

0= —8P2b2ﬁ7(l3s6yjyj - ﬁuéyiyj) + SbZﬁg(nu;’)yjyj - nuéinj) +8p°B  (9.6.4)

(BBrooyj+ pzﬁuoyj - ﬁznu'oyj) (biyj - bjyi)-
so from above equation we have

0= —8p2b*B7(a" Bujo — p*Pu,;y;) + 86> B (@/ngjo— p*Mu,y;) +8p°B  (9.6.5)

(ﬁﬁri}yi + Pzﬁuj - ﬁzyinsiobi) (biyj - bjyi)'

So term which does not contain p? is;
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8v°B%an;,, = 0. (9.6.6)

This implies

My =0. = 0, =0.

Put all value in above equation and we get

0= —8b*B"(a"Byjo — p* By, ;) +80* B(BBr,y + p*Bs, — B>y Nsiob') by — b7y )9.6.7)

So term which does not contain p? is;

—8b*B7aiByjo=0. = PBsjo=0.

Hence we have;

TIS]‘O == ﬁ?jo == 0 :> ﬁsij == ns,’j == 0

Hence theorem. [
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CHAPTER 10

Conclusion and Future Scope

10.1 Conclusion

The final chapter consolidates the extensive investigation into the differential geometry of
Finsler spaces equipped with special metrics, emphasizing the substantial progress achieved
throughout this thesis. The introduction of novel metric classes, including exponential(a, )-
metric, cubic (@, )-metric, generalized Matsumoto metric, and multi-form based struc-
tures, has significantly broadened the traditional framework of (a,f3)-metrics, thereby
providing a more comprehensive foundation for examining geometric and curvature prop-

erties.

Projective changes play a significant role in preserving the intrinsic geometric structure
while allowing certain properties such as size, scale, and curvature to vary. Analyzing the
behavior of Finsler spaces under these transformations provides deeper insight into their

geometric and topological characteristics. In this study, we established the projective trans-

2

(@+8)° 2nd the Kropina metric £ = % . Ad-

o2

formation between the cubic (¢, B)-metric F =

=

ditionally, we examined the projective transformation from the square root (o, 8 )-metric
F = \/o(a+ B) to the Kropina metric F' = %2. Furthermore, the S-curvature properties
associated with both of these metrics were analyzed and discussed in detail. We analyzed
an exponential (o, B)-metric, F = oeP/* + Be=B/* to determine when it satisfies the cri-
teria for Berwald, Douglas, and Weakly-Berwald spaces. By establishing these specific
geometric conditions, this research clarifies how such exponential (@, B)-metric fit within

the broader classification of Finsler geometry.

One of the most essential challenges in Finsler geometry is to examine and characterize
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Finsler metrics with constant flag curvature. We focused on the classification of locally pro-
jectively flat cubic (o, B)-metric and generalized Matsumoto-metric with constant Ricci
curvature. In particular, this research seeks to establish the existence and properties of
such metrics when the flag curvature is identically zero. We established the conditions
under which the cubic (@, B)-metric and the exponential (¢, B)-metric are locally dually
flat and projectively flat. Furthermore, we characterized these conditions through the use
of isotropic S-curvature. Moreover, we derived S-curvature, mean Berwald curvature for

exponential (@, B )-metric.

In the present work, we introduced a novel class of Finsler metrics that extend beyond
the traditional (a, 8)-metrics framework. By considering the Randers metric F = a + 7,
where « is a Riemannian metric and y = d;(x)y' is a 1-form on the manifold M, we defined

a new metric of the form
F2

F =
F+p

with ¢ (s) = l%rs and s = ‘I'% The derivation of the spray coefficients and the Cartan connec-
tion for these metrics was carried out, providing a comprehensive geometric characteriza-
tion. Moreover, we established a necessary and sufficient condition for these metrics to be
projective. Under suitable conditions, this framework facilitates the generation of a signifi-

cant family of new Douglas metrics derived from the original metric, thereby enriching the

class of Finsler structures available for pattern evaluation and further geometric analysis.

Within the framework of this work, we analyzed R-complex Finsler spaces equipped with
a cubic (@, 3)-metric, resulting in the complete derivation of its fundamental metric fields.
We derived the fundamental metric fields gj; and §;5, along with their determinants and
inverse of these fundamental metric tensor fields for the Finsler space with cubic (¢, )-
metric. Additionally, we established the conditions under which the R-complex Finsler

space with cubic (a, B)-metric exhibits characteristics of a non-Hermitian Finsler space.
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Additionally, we introduced a novel class of Finsler metrics by extending (p, 8 )-metrics to
incorporate two 1-forms, 8 and 1, on a Riemannian manifold. Specifically, we studied the
Kropina—Randers metric F' = %2 + 7 and analyzing its fundamental geometric properties.
We established key results on the metric structure, derived the spray coefficients, exam-
ined conditions for locally projective flatness, and characterized the metric as a Douglas
space. Future work may focus on generalizing various (p, 8)-metrics to (p, B, 1n)-metric,
enabling a deeper exploration of curvature properties, projective geometry, and the devel-

opment of richer structures within Finsler spaces.

10.2 Future Scope

The study of Finsler geometry represents a vibrant and evolving branch of modern math-
ematics. Current research primarily concentrates on Finsler metrics, with a particular em-
phasis on the (@, )-metric a structure defined by a Riemannian metric ¢ and a differential
I-form . Our primary research interest lies in Finsler metrics, with a specific focus on
the (o, B)-metric. While numerous scholars have already leveraged this metric to achieve
significant breakthroughs in Finsler geometry, there is still considerable potential for ex-
pansion. By applying the (a,f3)-metric to diverse and emerging notions within Finsler
spaces, future research can delve into the following areas:

* Future research can extend the study of projective transformations to broader classes of
(a, B)-metrics, including exponential (a, 8)-metric, cubic (e, B)-metric, and generalized
Matsumoto metrics, to develop unified geometric frameworks and uncover new curvature

and topological properties.

* Investigations into the classification and characterization of Finsler spaces with constant
flag curvature can be deepened by exploring additional metric types and their projective

flatness, isotropic S-curvature conditions, and dual flatness properties.

* The study of R-complex Finsler spaces with cubic (o, 3)-metric can be expanded by
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examining their Hermitian and non-Hermitian properties in higher dimensions and by ex-

ploring their implications in complex differential geometry and related fields.

* Generalizing (p, 8)-metrics to (p, B, n)-metrics presents opportunities to investigate the
interplay of multiple 1-forms on curvature, projective geometry, and metric structures, po-
tentially leading to richer classes of Finsler spaces with novel geometric and physical in-

terpretations.

* Applying these advanced Finsler metric frameworks to problems in theoretical physics
and cosmology, such as gravitational wave modeling, anisotropic space time structures,
and generalized gravitational theories can bridge abstract geometry with observable phe-

nomena.
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